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Abstract— We consider the problem of constructing
a bounded-degree planar geometric spanner for a unit
disk graph modeling a wir eless network. The related
problem of constructing a planar geometric spanner of
a Euclidean graph has been extensively studied in the
literatur e.It is well known that the Delaunaysubgraph is a
planar geometricspannerwith stretch factor �������
	���
 ��� ;
however, its degreemay not be bounded.Significant work
has been done on developing algorithms for constructing
bounded-degree planar geometric spanners of Euclidean
graphs. Our first result presentsa very simple linear time
algorithm for constructing a subgraph of the Delaunay
graph with stretch factor ������������� �������! "
#�$�% and de-
greeboundedby � , for any integer parameter �'&��(� . This
result immediately implies an algorithm for constructing
a planar geometric spanner of a Euclidean graph with
stretch factor �*)+������� and degree bounded by � , for any
integer parameter �,&��(� . Our secondcontribution lies
in developing the structural results necessaryto transfer
our analysisand algorithm fr om Euclidean graphs to unit
disk graphs. We obtain a very simple strictly-localized
algorithm that, given a unit disk graph embeddedin the
plane, constructs a planar geometric spanner with the
above stretch factor and degree bound. The two results
dramatically impr ove the previous results in all aspects,
as shown in the paper.

I . INTRODUCTION

Topology control of wireless ad-hoc networks de-
ployed in the plane is a fundamentalproblem in the
areaof wirelesscomputing[23], [25], [26]. Topology
control is used,for example, to constructa topology
of the original network that is amenableto routing or
other networking applications.Some desirableprop-
erties of the resulting topology include (1) planarity:
the underlying graph should be planar to allow, for
example,guaranteedand efficient routing such as ge-
ometric routing ([5], [16]); (2) boundedstretchfactor:
for any two devices in the network thereshouldbe a
path connectingthem in the topology whoselength is
closeto the length of the shortestpath connectingthe
pair in the original network; (3) boundeddegree:each
device maintainslinks to only a constantnumberof
devices in its communicationrange,thus minimizing
interferenceand saving energy; and (4) constructible
locally: theconstructionof thenetwork topologyshould
be distributed, simple, and strictly-localized in the

sensethat eachpoint constructsandmaintainsits links
in the topology basedonly on the information from
neighboringdeviceswithout exchangingor propagating
global information(see[7] for a formal definition).The
problem of computingefficient topologiesfor ad-hoc
wirelessnetworks has beenextensively consideredin
theliterature[14], [18], [21], [23], [24], [25], [26], [28],
[29], [32], [33], [34].

Sincewirelessnetworks areusuallymodeledasunit
disk graphsin the Euclideanplane,the corresponding
problem becomesto constructgeometricspannersfor
unit disk graphs.The relatedproblem of constructing
geometricspannersof Euclideangraphs(i.e., the com-
plete graphson a given set of points in the plane) is
a very important problem that has received a lot of
attentionin the literaturedue to its numerousapplica-
tions in the fields of computationalgeometry, wireless
computing,andcomputergraphics(for example,seethe
recentbook [22] for a survey on geometricspanners
and their applicationsin networks). Dobkin et al. [11]
showed that the Delaunaygraphis a planargeometric
spannerof the Euclidean graph with stretch factor-�.�/10 2436587:9<;�2>= ?4@

. This ratio was further improved
by Keil et al [15] to A*BDC(EGF 9D587:-�HJI�KMLN-6587:O43�3P;�9>= QM9 ,
which currentlystandsas the bestupperboundon the
stretchfactor of the Delaunaygraph.However, many
researchersbelieve that the lower boundof

587:9
shown

in [9] is also an upperboundon the stretchfactor of
the Delaunaygraph.Even thoughDelaunaygraphsare
good planar geometricspannersof Euclideangraphs,
however, Delaunaygraphsmayhaveunboundeddegree.
Other geometric(sparse)spannerswere also proposed
in the literature including the Yao graphs [35], theR

-graphs[15], and many others(see[22]). However,
mostof theseproposedspannerseitherdo not guarantee
planarity, or do not guaranteeboundeddegree.

Bose et al. [3], [4] were the first to show how to
extract a subgraphof the Delaunaygraph(andhenceit
is planar)that is a geometricspannerof the Euclidean
graphwith stretchfactor

;S.4?>= ?49
anddegreebounded

by
94T

. In the context of unit disk graphs,Li et al. [19],
[20] gaveadistributedalgorithmthatconstructsaplanar
geometricspannerof a unit disk graph with stretch



factor A*BDC(E ; however, the spannerconstructedcanhave
unboundeddegree.WangandLi [30], [31] thenshowed
how to constructa bounded-degreeplanar spannerof
a unit disk graph with stretch factor UWV>X ��587:9>YZ.[/5<L]\ ^_-6`P7:943 �8a+A*BDC(E anddegreeboundedby

.4bc/�9D587�`
,

where
?edf`gdh9D587:H

is a parameter. Very recently,
Boseet.al [5] improvedtheearlierresultin [3], [4] and
showed how to constructa subgraphof the Delaunay
graphthatis ageometricspannerof theEuclideangraph
with stretchfactor: UWV>X ��587:9>YZ.i/'5jL]\ ^_-6`P7:943 �iakA*BDC(E if`lde587:9

and
-�.�/m9 0 HP/nHD587:9_/o5<L]\ ^!-6587:.4943�3 aZA*BDC(E

when
587:9jp�`1pl9D587:H

, andwhosedegreeis bounded
by
.�Qq/j9D587�`

. Boseetal. thenappliedtheir construction
to obtainaplanargeometricspannerof aunit diskgraph
with stretchfactorUWV>X ��587:9>YZ.�/r5[L]\ ^_-6`P7:943 ��a A*BDC(E and
degreeboundedby

.�Qj/m9D587�`
, for any

?[de`Sps587:H
.

This was the bestboundon the stretchfactor and the
degree.

In this paper we develop structural results about
Delaunaygraphsthatallow us to presenta very simple
linear-time algorithm that, given a Delaunay graph,
constructsa subgraphof the Delaunay graph with
stretch factor

.t/�9D5J-�u8I�KML�-65874u>3�3wv!x
(with respectto

the Delaunaygraph) and degree at most
u
, for any

integer parameter
ugyz.�Q

. This result immediately
impliesan { -6|<} ~!|J3 (

|
is thenumberof verticesin the

graph) algorithm for constructinga planar geometric
spannerof a Euclideangraph with stretch factor of-�.�/S9D5J-�ucI�KML�-65874u>3]3 v!x 3 a�A*BDC(E and degreeat most

u
,

for any integer parameter
uSy�.�Q

. This significantly
improvesthepreviousresultsof Boseet al. [3], [4], [5],
bothin termsof thestretchfactorandthedegreebound.
We then show the applicationsof the results to unit
disk graphsby presentinga very simple and strictly-
localized distributed algorithm that, given a unit-disk
graphembeddedin the plane,constructsa planargeo-
metricspannerof theunit disk graphwith stretchfactor-�.>/�9D5J-�u8I�KML�-65874u>3�3wv!x�3 a A*BDC(E anddegreeboundedby

u
,

for any integerparameter
ujy1.�Q

. Theseresults,in turn,
significantly improve all the previous results of [5],
[30], [31] on this problemin termsof: theupperbound
on thestretchfactor, theupperboundon thedegree,and
thesimplicity andlocality of thealgorithm.In termsof
efficiency, the presentedalgorithm exchangesno more
than { -6|J3 messagesin total, and runs in { -��e} ~*�[3
local time at a nodeof degree

�
.

To compareour boundsto the previous bestbounds
in theliterature,considerfirst theproblemof computing
planarbounded-degreegeometricspannersof Euclidean
graphs.For a degreebound

u F .�Q , our resultsimply
a boundof at most

H>= 2�Q
on the stretchfactor. As the

degreebound
u

approaches� , ourboundon thestretch
factorapproachesA*BDC(E ;n9>= QM9 . The very recentresults
of Boseet al. [5] achieve a lowestdegreeboundof

.4T
,

andthatcorrespondsto a boundon thestretchfactorof
at least

94H
. If Boseet al .[5] allow the degreeboundto

be arbitrarily large (i.e., to approach� ), their bound
on the stretchfactor approaches

-6587:943 a�A*BDC(EP� H>= T42 .
In termsof the problemof computingplanarbounded-
degreegeometricspannersof unit disk graphs,thesame
bounds hold for our construction,i.e., for a degree
bound

u F .�Q , our resultsimply a bound of at mostH>= 2�Q
on the stretch factor, and as

u
approaches� ,

our boundon the stretchfactor approachesA*BDC(E . The
smallestdegree bound derived by Bose et al. [5] is
20, and that correspondsto a stretchfactor of at least
6.19. If Bose et al. [5] allow the degreebound to be
arbitrarily large, then their boundon the stretchfactor
approaches

-6587:943 a�A*BDC(E<� H>= T42 . On the other hand,
the smallestdegreeboundderived in Wanget al. [30],
[31] is 25, and that correspondsto a boundof 6.19 on
the stretchfactor. If Wang et al. [30], [31] allow the
degreebound to be arbitrarily large, then their bound
on the stretchfactor approaches

-6587:943 a�A*BDC(EP� H>= T42 .
Therefore,even the worst bound of at most 3.54 on
thestretchfactorcorrespondingto our lowestboundon
the degree

u F .�Q , beatsthe bestboundon the stretch
factorof at least3.75correspondingto arbitrarily large
degree in both Bose et al. [5] and Wang et al. [30],
[31]!

Finally, we show the applicationsof our results to
otherfamiliesof graphsusedfor modelingwirelessad-
hoc networks. We considerthe recently-studiedmodel
of quasiunit disk graphs[1], [8], [17] that generalizes
unit disk graphs.Given a connectedquasi unit disk
graph with parameter

?�d���d�.
, we present a

strictly-localizeddistributedalgorithmthat constructsa
geometricspannerof the quasi unit disk graph with
maximum degree { -�.>7���3 , stretch factor

.W/f94-�.W/9D5J-�u8I�KML�� ��3wv!x�3 aDA*BDC(E , and a boundof { -�.>7���3 on the
averagenumberof edgescrossingany given edgein
the graph.

I I . DEFINITIONS AND BACKGROUND

All graphsconsideredin this paperare graphsem-
beddedin the plane,and all the distancesconsidered
areEuclideandistances.

A spanningsubgraph� of a graph� is saidto have
stretch factor � if for every two points � and � in � :
the ratio of the (Euclidean)length of a shortestpath
between � and � in � to the length of a shortest
pathbetween� and � in � is at most � . We have the
following result from [28].

Lemma2.1 ([28]): A subgraph� of graph � has
stretchfactor � if andonly if for every edge�����<� :
the length of a shortestpath in � from � to � is at
most �[a4� ����� .

For threenon-collinearpoints � , � , � in the plane
we denote by ������� the circumscribedcircle of
triangle �t����� .

A Delaunaytriangulation of a setof points � in the
planeis a triangulationof � in which thecircumscribed



circle of every triangle containsno point of � in its
interior. It is well known that if the points in � are in
general position(i.e.,no four pointsin � arecocircular)
then the Delaunaytriangulationof � is unique [10].
In this paper—as in most papersin the literature—
we shall assumethat the points in � are in general
position;otherwise,the input canbe slightly perturbed
so that this condition is satisfied.The Delaunaygraph
of � is defined as the plane graph whose point-set
is � and whoseedgesare the edgesof the Delaunay
triangulationof � . It is well known that the Delaunay
graphof a set of points � is a spanningsubgraphof
the Euclideangraph definedon � (i.e., the complete
graphon point-set� ) whosestretchfactor is bounded
by A*BDC(E�F QG0 HD587:bt;19>= QM9 [15].

Given integer parameter
u � O

, the Yao sub-
graph [35] of a directed graph � (embeddedin the
plane) is constructedas follows. At every point � in
� , place

u
equally-separatedraysout of � (arbitrarily

defined), thus creating
u

closed conesof size
9D5874u

each.Then, the shortestedgein � out of � (if any)
in eachcone is addedto the Yao subgraphof � . We
will refer to the placementof

u
conesarounda point

� andthe selectionthe shortestedgein eachconeby:
a Yao step. Note that the out-degreeof a point in the
Yao subgraphof � is boundedby

u
, but its in-degree

may be unbounded.
Two edges ��� , ��� incident on a point � in

a graph � are said to be consecutiveif one of the
angularsectorsdeterminedby ��� and ��� contains
no neighborsof ���'� .

For simplicity, we will indistinguishablyrefer to an
angularsectorformedby two edges��� and ��� and
its measureby  c����� . It should be clear from the
context whetherit is the angularsectoror its measure
that is being referredto.

I I I . BOUNDED DEGREE SPANNERS OF DELAUNAY

GRAPHS

Let � be a setof point in the planeandlet ¡ be the
Euclideangraphdefinedon point-set � . Let � be the
Delaunaygraph of � , and note that � is a subgraph
of ¡ . This sectionis devoted to proving the following
theorem:

Theorem3.1: For every integer
u[y1.�Q

, thereexists
a subgraph��¢ of � suchthat ��¢ hasmaximumdegreeu

andstretchfactor
._/e9D5J-�u8I�KML�� ��3wv!x

.
A linear time algorithm that computes��¢ from �

is the key componentof our proof. This very simple
algorithmessentiallyperformsa modifiedYao step(see
SectionII) andselectsup to

u
edgesout of every point

of � . � ¢ is the spanningsubgraphof � consistingof
edgeschosenby both endpoints.

In order to describethe modifiedYao step,we must
first develop a betterunderstandingof the structureof
the Delaunay graph � . Let A*£ and A*¤ be edges

incident on point A in � such that  c¤�A*£ p¥9D5874u
and A*£ is the shortestedgewithin the angularsector
 c¤�A*£ . We will show how the above theoremeasily
follows if, for every suchpair of edgesA*£ and A*¤ :

1. we show that thereexists a path ¦ from £ to ¤
in � of length � ¦W� , suchthat:
� A*£<� / � ¦W� p1-�._/e9D5J-�u8I�KML � � 3wv!x�3 � A*¤�� , and

2. we modify the standardYao step to include the
edgesof this path in ��¢ , in addition to including
the edgespicked by the standardYao step.

This will ensurethat: for any edge A*¤h��� that is
not includedin ��¢ by the modifiedYao step,thereis a
pathfrom A to ¤ in ��¢ , whoseedgesareall includedin
��¢ by themodifiedYaostep,andwhosecostis at most-�.�/�9D5J-�u8I�KML � ��3wv!x�3 � A*¤�� . We will define below this
path and study its structuralproperties.Then we will
modify the standardYao step accordingly to include
edgessatisfyingtheseproperties.

Lemma3.2: Let
u�y§.�Q

be an integer, and let A*£
and A*¤ be edgesin � suchthat  c¤�A*£ pl9D5874u and
A*£ is the shortestedgein the angularsector  c¤�A*£ .
Thereexists a path ¦©¨4£ªF��S« Y � x Y¬= = = Y �1­_Fs¤ in �
suchthat:

(i) � A*£<� / ® ­ v!x¯±° « � � ¯ � ¯±² x � p -�.³/
9D5J-�u8I�KML � � 3wv!x�3 � A*¤�� .

(ii) There is no edgein � betweenany pair � ¯ and
�m´ lying in the closedregion delimited by A*£ ,
A*¤ andtheedgesof ¦ , for any µ and ¶ satisfying?�p µ d ¶*· .�po¸ ,

(iii)  c� ¯ v!x � ¯ � ¯±² x � -
� vc¹� 365

, for µ8F .>Y a¬a¬a Y�¸ · . .
(iv)  cA*£�� x yº� ¹ · � � .

We breakdown the proof of the above lemma into
two separatecases:(1) when �t£�¤�A containsno point
of � in its interior, and (2) when there are points of� inside �t£�¤�A . Define the circle

- { 3 Fª��£�¤�A of
center { , and let

R F� c¤�A*£ . Note that  c£�{*¤»F9 R p¼Q>5874u
. Denoteby ½£�¤ the arc of

- { 3 determined
by points £ and ¤ and facing  c£�{*¤ . The following
propertyaboutDelaunaygraphscan be easily verified
by the reader:

Proposition3.3: If A*£ andA*¤ areedgesof � , then
any point of � interior to

- { 3 mustbeinsidetheregion

of
- { 3 delimitedby edges¤�A , A*£ , andarc ½£�¤ .

A. TheOutward Path

We considerfirst the casewhen no points of � are
inside �t£�¤�A . Sinceboth A*£ and A*¤ areedgesin � ,
by Proposition3.3,any point of � interior to

- { 3 must
be inside the region of

- { 3 delimited by edges¤�A ,

A*£ , and ½£�¤ . By our assumptionin this subsection,no
point of � lies inside �t£�¤�A . It follows thattheregion
of
- { 3 subtendedby chord £�¤ that containsA hasno

pointsof � in its interior. Keil andGutwin [15] showed
that in this casethereexists a path between£ and ¤
in � inside the region of

- { 3 subtendedby chord £�¤



thatdoesnotcontainA , whoselengthis boundedby the

length of ½£�¤ (seeLemma1 in [15]). We sketch their
definitionin orderto illustratethepropertiesof this path
neededfor our results.We refer the readerto [15] for
theproofsof theseproperties.For convenience,we give
a recursive definition of this path.

1. Basecase:If £�¤¾�<� the pathconsistsof edge
£�¤ .

2. Recursive step: Otherwise,by the characteriza-
tion of Delaunayedges[10], at least one point
in � is interior to

- { 3 , and hencemust reside
in the region of

- { 3 subtendedby chord £�¤
that doesnot contain A . Let ¿ be sucha point
with the property that the region of ��£�¿P¤
subtendedby chord £�¤ thatcontains¿ is empty.
We call ¿ an intermediatepoint with respect
to the pair of points

- £ Y ¤ 3 . Let
- { x 3 be the

circle passingthrough £ and ¿ whosecenter{ x
lies on segment £�{ and let

- { ¹ 3 be the circle
passingthrough ¤ and ¿ whosecenter { ¹ lies
on segment ¤�{ . Then both

- { x 3 and
- { ¹ 3 lie

inside
- { 3 , and  c£�{ x ¿ and  c¿P{ ¹ ¤ are both

lessthan  c£�{*¤ pmQ>5874u . Moreover, the region
of
- { x 3 subtendedby chord £�¿ thatcontains{ x

is empty, and the region of
- { ¹ 3 subtendedby

chord¤�¿ andcontaining{ ¹ is empty. Therefore,
we canrecursively constructa pathfrom £ to ¿
and a path from ¿ to ¤ , and then concatenate
themto obtaina path from £ to ¤ .

Definition 3.4: We call the path constructedabove
the outward path between£ and ¤ .

Keil andGutwin [15], from thispointon,useapurely
geometricargument (with no use of Delaunaygraph
properties)to show that the lengthof the obtainedpath
£gF��S« Y � x Y a¬a¬a Y �1­[F�¤ (eachpoint �mÀ , for ÁoF.>Y a¬a¬a Y�¸ · . , is an intermediatepoint with respectto a
pair

- � ¯ Y �m´ 3 , where
?�p µ d Á d ¶ pS¸ ) is smaller

than the lengthof ½£�¤ . Figure1 illustratesan outward
pathbetween£ and ¤ .

� Â ��Ã,Ä

Å ��Ã,Æ
Ã %

Ã�Ç
È ¹ �ÊÉ �

Fig. 1. Illustration of an outward path.

Proposition3.5: In every recursive stepof the out-
ward path constructiondescribedabove, if �mÀ is an
intermediatepoint with respect to a pair of points- � ¯ Y �m´ 3 , then:

(a) there is a circle passingthrough A and �mÀ that
containsno point of � , and

(b) circles ��A*� ¯ �mÀ and ��A*�m´��mÀ contain no
points of � except, possibly, in the region sub-
tendedby chords� ¯ �mÀ and �mÀZ�m´ , respectively,
andnot containingA .

Proof: We assume,by induction, that there are
circles

- {<ËrÌ 3 and
- {<ËPÍ 3 passingthrough A and � ¯ ,

and A and �m´ , respectively, containingno pointsof � ,
andthat the circle

- { 3 F���A*� ¯ �m´ containsno point
of � in theinterior of theregion Ît¢ subtendedby chord
� ¯ �m´ andcontainingA . (This is certainly true in the
basecasebecauseA*£ Y A*¤Ï�e� , by proposition3.3,
andby our initial assumptions).

Since � ¯ �m´ is not an edge in � , the point �mÀ
chosenin theconstructionis thepoint with theproperty
that the region Î of ��� ¯ �mÀZ�m´ subtendedby chord
� ¯ �m´ that doesnot contain A , containsno point of� . Then the circle passingthrough A and �mÀ and
tangent to ��� ¯ �mÀZ�m´ at �mÀ is completely inside- {<ËrÌ 34ÐP- {<ËPÍ 34Ð Î Ð Î ¢ , andthereforedevoid of points
of � . This provespart (a).

Finally, theregion of ��A*� ¯ �mÀ subtendedby chord� ¯ �mÀ andcontainingA is inside
- {<ËrÌ 3�Ð Î Ð Ît¢ , and

thereforecontainsno point of � in its interior. The
sameis true for the region of ��A*�m´��mÀ subtendedby
chord �m´��mÀ and containing A , and part (b) holds as
well.

We are now ready to prove Lemma3.2 in the case
whenno point of � lies inside �t£�¤�A . In this casewe
define the path in Lemma3.2 to be the outward path
between£ and ¤ .

Proof: [Proof of Lemma3.2 for the caseof out-
ward path.]- µ 3 Let

R Fn c¤�A*£ andnotethat ��½£�¤¾�>F 9 R ak� {*£<� ,
and

L]\ ^ R FzÑ ÒÔÓJÑ¹ Ñ ÕÔÒiÑ . Also � A*£<� / � ½£�¤Ö� is largest
when � A*£<��F×� A*¤�� , and hence A*£ and A*¤
are symmetricalwith respectto the diameterof��A*£�¤ passingthrough A . This latter statement
followsfrom thefactthattheperimeterof aconvex
body is not smallerthanthe perimeterof a convex
body containing it (see page 42 in [2]). In this
casewe have

L]\ ^<Ø ¹ F Ñ ÒÔÓJÑ¹ Ñ ÙGÓJÑ . Using elementary
trigonometry, it follows from the above factsand
from the fact � A*£<� p � A*¤�� that:

� A*£<� / � ½£�¤¾� p � A*¤�� /e9 R a�� {*£<�
FÚ� A*¤�� /e-

R
L]\ ^ R 3 a�� £�¤��

FÚ� A*¤�� /e-
R
I�KML8Ø ¹

3 a4� A*¤��
pÛ-�.P/e9D5J-�ucI�KML 5 u 3 v!x 3 � A*¤�� =

The last inequality follows from
R pÖ9D5874u

and



u � 9 .- µ�µ 3 This part follows directly from part (a) of Propo-
sition 3.5 which implies that A*�mÀ is an edgein
� for Á�F ?>Y a¬a¬a Y�¸ , and the fact that � is planar
and triangulated.- µ�µ�µ 3 If the outward path containsa single intermedi-
ate point � x , then since � x lies inside

- { 3 F
��A*£�¤ ,  c£�� x ¤ yo5 ·� c£�{*¤ 7:9ty,5 · 9D5874u F-�u · 94365874u (note that  c£�{*¤ÜF 9 a: c£�A*¤ ), as
desired.Now the statementfollows by induction
on the numberof stepstaken to constructthe out-
wardpathbetween£ and¤ , usingthefact(proved
in [15]) that each angle  c� ¯ v!x { ¯ � ¯±² x at the
centerof the circle

- { ¯ 3 definingthe intermediate
point � ¯ , is boundedby  c£�{*¤ .- µ�Ý 3 This follows from the fact that  cA*£�� x y
 cA*£�¤ yo587:9 · 5874u . The latter inequality is true
because� A*£<� p � A*¤�� and  c¤�A*£ pÞ9D5874u

in
�tA*£�¤ .

B. The Inward Path

We consider now the case when the interior of
�t£�¤�A containspointsof � . Let ß bethesetof points
consistingof points £ and ¤ plusall thepointsinterior
to �t£�¤�A (notethat A 7�<ß ). Let A*� - ß 3 bethepoints
on theconvex hull of ß . ThenA*� - ß 3 consistsof pointsà «[Fá£ and

à�â Fá¤ , and points
à x Y¬= = = Y à�â v!x of �

interior to �t£�¤�A . We have the following proposition:
Proposition3.6: For every µcF .>Y a¬a¬a Y�ã · . ¨

(a) � A à ¯ � p � A à ¯±² x � ,
(b) A à ¯ �<� , and
(c)   à ¯ v!x à ¯ à ¯±² x ye5 , where   à ¯ v!x à ¯ à ¯±² x is the

anglefacingpoint A .
Proof:- V 3 This follows from the fact that A*£ is the shortest
edgein its cone,andhence� A*£<� p � A à ¯ � , for µ8F?>Y a¬a¬a Y�ã , and the fact that the points

à « Y a¬a¬a Y à�â
areon A*� - ß 3 in the listed order.-6ä43
This follows from thefacts:A*£ andA*¤ areedges
in � ,

à « Y a¬a¬a Y à�â are on A*� - ß 3 , and � is a
triangulation.-6å43
This follows from the fact that

à « Y a¬a¬a Y à�â areon
A*� - ß 3 .

Since � A à ¯ � p � A à ¯±² x � andno pointof � lies inside
� à ¯ A à ¯±² x (

à ¯ and
à ¯±² x areon A*� - ß 3 ), A à ¯ is the

shortestedgein the angularsector   à ¯ A à ¯±² x . Since
  à ¯ A à ¯±² x p  c¤�A*£ p�9D5874u , by Lemma 3.2 there
exists an outward path � ¯ between

à ¯ and
à ¯±² x , for

every µ�F ?>YZ.>Y a¬a¬a Y�ã · . , satisfyingall the properties
of Lemma3.2. Let £§Fe�S« Y � x Y a¬a¬a Y �1­�Fm¤ be the
concatenationof the paths� ¯ , for µcF ?>Y a¬a¬a Y�¸ · . .

Definition 3.7: We call the path £ F�S« Y � x Y a¬a¬a Y �1­�FÖ¤ constructedabove the inward
path between£ and ¤ .

Figure 2 illustratesan inward path between£ and
¤ .

� Â ��æ�Ä

Å ��æ�Æ
ç�è

çqé
È ¹ �ÊÉ �

Fig. 2. Illustration of an inward path.

We now prove Lemma3.2 in thecasewhenthereare
pointsof � interior to �t£�¤�A . In this casewe define
the path in Lemma3.2 to be the inward pathbetween
£ and ¤ .

Proof: [Proof of Lemma3.2 for thecaseof inward
path.]- µ 3 Someof the argumentsusedin the proof of this

part are similar in flavor to thoseusedto prove
Theorem7 in [31]. However, the analysishereis
tighter and leadsto betterbounds.
Define £�¢ ¢ to be a point on thehalf-line ê A*£ such
that � A*£�¢ ¢(�_FÜ� A*¤�� , and let

- {�¢ ¢ 3 FÞ��A*£�¢ ¢ ¤ .
Denoteby

` ¢ ¢ the length of the arc of ��A*£�¢ ¢ ¤
subtendedby chord £�¢ ¢ ¤ and facing  c£�¢ ¢ A*¤ .
For every µ§F ?>YZ.>Y a¬a¬a Y�ã · . , we define arc` ¯ to be the arc of ��A à ¯ à ¯±² x subtendedby
chord

à ¯ à ¯±² x and facing   à ¯ A à ¯±² x . For every
µ[F ?>YZ.>Y¬= = = Y�ã · . , we define

à ¢¯ to be the point
on thehalf-line ê A à ¯ suchthat � A à ¢¯ �NF�� A à ¯±² x � ,- { ¯ 3 to bethecircle ��A à ¢¯ à ¯±² x , and

` ¢ ¯ to bethe
arcof

- { ¯ 3 subtendedby chord
à ¢¯ à ¯±² x andfacing

  à ¢¯ A à ¯±² x . Finally, for every µ�F ?>Y a¬a¬a Y�ã · . ,
we define

à ¢ ¢¯ to be the point of intersectionof
the half-line ê A à ¯ and circle

- {�¢ ¢ 3 , and
` ¢ ¢¯ to be

the arc of
- {�¢ ¢ 3 subtendedby chord

à ¢ ¢¯ à ¢ ¢¯±² x and
facing   à ¢ ¢¯ A à ¢ ¢¯±² x . By the results in [15], the
length of the outward path � ¯ between

à ¯ andà ¯±² x is boundedby the length of
` ¯ . Since the

convex body A x delimitedby A à ¯ , A à ¯±² x and
` ¯

is containedinside the convex body A ¹ delimited
by A à ¢¯ , A à ¯±² x and

` ¢ ¯ , by [2], the perimeterofA x is not larger thanthat of A ¹ . Denotingby � � ¯ �
the lengthof path � ¯ , we get:

� � ¯ � p � à ¯ à ¢¯ � /�` ¢ ¯ Y µcF .>Y a¬a¬a Y�ã · .>= (1)

Since
- { ¯ 3 and

- {�¢ ¢ 3 are concentriccircles (of
center A 3 , and the radius of

- { ¯ 3 is not larger
than that of

- {�¢ ¢ 3 , we have
` ¢ ¯ ph` ¢ ¢¯ , for µ,F?>Y a¬a¬a Y�ã · . . It follows from Inequality (1) that:

� � ¯ � p � à ¯ à ¢¯ � /�` ¢ ¢¯ Y µ8F .>Y a¬a¬a Y�ã · .>= (2)



Using Inequalities(1) and(2) we get:

� A*£<� /
â v!xë
¯±° « � �

¯ � p � A*£<� /
â v!xë
¯±° « �
à ¯ à ¢¯ � /

â v!xë
¯±° «
` ¢ ¢¯ = (3)

Noting that
® â v!x¯±° « � à ¯ à ¢¯ �>F�� A*¤��+·W� A*£<� andthat® ­ v!x¯±° « ` ¢ ¢¯ F ` ¢ ¢ , it followsfrom Inequality(3) that:

� A*£<� /
â v!xë
¯±° « � �

¯ �ìFí� A*£<� /
­ v!xë
¯±° « � �

¯ � ¯±² x �
p � A*¤�� /�` ¢ ¢pî-�._/e9D5J-�u8I�KML 5 u 3 v!x 3 � A*¤�� =

The last inequality is true by the sameargument
usedin the proof of part

- µ 3 in Lemma3.2 for the
caseof outward path.- µ�µ 3 Since A à À1��� for ÁáF .>Y a¬a¬a Y�ã · . by part-6ä43

of Proposition3.6, by planarity of � , if such
an edgebetweentwo points � ¯ and �m´ exists,
then � ¯ and �m´ mustbelongto an outward path
betweentwo points

à À and
à À ² x of A*� - ß 3 . But

this contradictspart
- µ�µ 3 of Lemma3.2for thecase

of the outward pathappliedto
à À and

à À ² x .- µ�µ�µ 3 For eachµ8F ?>Y a¬a¬a Y�¸ , either � ¯ F à ´r�'A*� - ß 3 ,
or � ¯ is anintermediatepoint on theoutwardpath
betweentwo points

à À and
àWï

in A*� - ß 3 . In the
latter case  c� ¯ v!x � ¯ � ¯±² x y   à ´ v!x � ¯ à ´ ² x y5§yÖ-�u · 94365874u for

u�yÖ.�Q
(
à ´ v!x and

à ´ are
points before and after � ¯ F à ´ on A*� - ß 3 ),
by part (c) of Proposition3.6. In the former case c� ¯ v!x � ¯ � ¯±² x yì-�u · 94365874u by the proof of
part

- µ�µ�µ 3 of Lemma 3.2 applied to the outward
pathbetween

à À and
àWï

.- µ�Ý 3 This follows from � A*£<�iF�� A*�S«:� p � A*� x � and
 c£�A*� x p  c£�A*¤ pn9D5874u , in triangle �tA*£�� x .

C. TheModifiedYao Step

In this sectionwe proveTheorem3.1 by presentinga
verysimplelineartimealgorithmthat,givenaDelaunay
graph � , constructsa subgraph��¢ of � whosedegree
is boundedby

u
, and whosestretchfactor is bounded

by
.r/19D5J-�u8I�KML � ��3wv!x

, for any integer parameter
u�y

.�Q
. The idea behind the algorithm is very simple:

the algorithm ensuresthat edges in � forming the
paths describedin Lemma 3.2 are included in ��¢ .
Observing that the consecutive edgeson such paths
form moderatelylarge anglesby parts (iii) and (iv) of
Lemma 3.2, the algorithm performs a modified Yao
step to ensurethat consecutive edgesforming large
anglesare included in ��¢ . The algorithm is described
in Figure3.

Sincethe algorithmselectsat most
u

edgesincident
on any point � , and since the algorithm places in

Algorithm Modified Yao step

INPUT: A Delaunaygraph ð ; integer ñtò�ókô
OUTPUT: A bounded-degree subgraph ðJõ of ð

1. define ñ disjoint conesof size öD÷ÊøZñ aroundevery pointù
in ð ;

2. in every non-emptycone,selecttheshortestedgeincident
on
ù

in this cone;
3. for every maximalsequenceof úcòWó consecutive empty

cones:
3.1. if úJû�ó then selectthe first ü ú�ø�öDý unselected

incidentedgeson
ù

clockwisefrom thesequence
of emptyconesand the first þ ú�ø�öDÿ unselected
edgesincidenton

ù
counterclockwisefrom the

sequenceof emptycones;
3.2.else(i.e., ú��só ) let

ù��
and
ù��

betheincident
edgeson

ù
clockwiseandcounterclockwise,

respectively, from the emptycone; if either
ù��

or
ù��

is selectedthen selectthe otheredge
(in caseit hasnot beenselected);otherwiseselect
theshorteredgebetween

ù��
and
ù��

breaking
ties arbitrarily;

4. ðJõ is the spanningsubgraphof ð whoseedgesarethose
of ð selectedby both endpoints.

Fig. 3. The modifiedYao Step.

��¢ only thoseedgesselectedby both endpoints,it is
clear that eachpoint has degree at most

u
in ��¢ . It

is also clear that since
u

is a constant,and the total
numberof edgesin the Delaunaygraph � is linear in
termsof the numberof points [10], the algorithm can
be implementedto run in linear time. Therefore,what
remainsto bedonein orderto prove Theorem3.1, is to
show that for every edgeA*¤¾�<� suchthat A*¤ 7�<��¢ ,
thereis a path from A to ¤ in ��¢ whoselength is at
most �sF .�/S9D5J-�ucI�KML � ��3wv!x � A*¤�� . Let A*¤ �,� and
supposethat A*¤ 7�á��¢ . Then the algorithm did not
selectA*¤ eitherout of ¤ or out of A . Without lossof
generality, assumethat thealgorithmdid not selectA*¤
out of A . Thenby step2 of thealgorithm,thealgorithm
musthave selectedanedgeA*£ out of A , suchthat A*£
and A*¤ are in the samecone, and such that A*£ is
the shortestedgein this cone.Consequently, we have
 c¤�A*£ p19D5874u . By Lemma3.2, thereexistsa path ¦©¨
£ªF��S« Y � x Y a¬a¬a Y �1­_Fs¤ between£ and¤ of length� ¦W� suchthat � A*£<� / � ¦W� pª.r/n9D5J-�u8I�KML�� ��3wv!x � A*¤�� .
It suffices to show then that all edgeson this pathare
in � ¢ . Equivalently, we will show that all theseedges
are selectedby the algorithm Modified Yao Step out
of both their endpoints.

Lemma3.8: The edges A*£ , � ¯ � ¯±² x for µ F.>Y a¬a¬a Y�¸ · . , areall in ��¢ .
Proof: For brevity, instead of saying that the

algorithmModified Yao Stepselectsanedge��� out
of a point � , we will say that � selectsedge��� .

By part
- µ�Ý 3 of Lemma 3.2, the angle  cA*£�� x y587:9 · 5874uSyìOD5874u for

ulyì.�Q
. Therefore,at least

two empty conesmust fall within the sector  cA*£�� x
determinedby thetwo consecutiveedgesA*£ and£�� x ,
and edges£�A and £�� x will both be selectedby £ .



SinceedgeA*£ is alsoselectedby point A , edge£�Af�
��¢ .

By part
- µ�µ�µ 3 of Lemma 3.2, for every µ�F.>YZ9>Y a¬a¬a Y�¸ · . , the angle  c� ¯ v!x � ¯ � ¯±² x y -�u ·94365874u�yÖ.4?D5874u

for
u�yÖ.49

, and henceat least four
conesfall within the angularsector  c� ¯ v!x � ¯ � ¯±² x .
Sinceby part (ii) of Lemma3.2 � ¯ A is the only pos-
sible edgeinsidethe angularsector c� ¯ v!x � ¯ � ¯±² x , it
is easyto seethat regardlessof the position of these
four coneswith respectto edge � ¯ A , � ¯ ends up
selecting all edges � ¯ � ¯ v!x , � ¯ � ¯±² x and � ¯ A in
steps2 and/or 3 of the algorithm. Since we showed
above that £ selectsedge £�� x , this shows that all
edges � ¯ � ¯±² x , for µSF ?>Y a¬a¬a Y�¸ · 9 , are selected
by both their endpoints,and hence must be in � ¢ .
Moreover, edge �1­ v!x �1­mFÞ�1­ v!x ¤ is selectedby
point �1­ v!x .

We now arguethatedge¤��1­ v!x will beselectedout
of ¤ by the algorithm.

First, observe that if � ¤��1­ v!x � p � ½£�¤Ö� d � A*¤�� .
Let A � be the other consecutive edgeto A*¤ in �

(other than A*�1­ v!x ). BecauseA does not select ¤ ,
it follows that  c�1­ v!x A � pÖOD5874u

. Otherwise,sinceA*�1­ v!x andA*¤ arein thesamecone,two emptycones
would fall within thesector c¤�A � andA would select
¤ . Since A*¤ is an edgein � , by the characterization
of Delaunayedges[10],  cA*�1­ v!x ¤ /  cA � ¤ p©5

.
By consideringthe quadrilateralA � ¤��1­ v!x , we have
 c�1­ v!x A � /   � ¤��1­ v!x yo5 . This, togetherwith the
factthat  c�1­ v!x A � pnOD5874u , imply that   � ¤��1­ v!x y-�u · O4365874ujy1@D5874u , for

u[y1.�Q
. Therefore,  � ¤��1­ v!x

containsat least three conesof size
9D5874u

out of ¤ .
If one of theseconesfalls within the angularsector
 cA*¤��1­ v!x then, since � �1­ v!x ¤�� d � A*¤�� , ¤��1­ v!x
musthave beenselectedout of ¤ .

Supposenow that  cA*¤��1­ v!x contains no cone
inside and hence  cA*¤��1­ v!x d Q>5874u

. If one of
thesethree coneswithin sector   � ¤��1­ v!x contains
edge A*¤ , then the remaining two cones must fall
within   � ¤�A and ¤��1­ v!x will get selectedout of ¤
when consideringthe sequenceof at least two empty
conescontainedwithin  cA*¤ � . Supposenow that all
threeempty conesfall within  cA*¤ � . Then we have
 cA*¤ � y1OD5874u .

If  c�1­ v!x A � y Q>5874u
, then since �1­ v!x A andA*¤ belong to the same cone, the sector  c¤�A �

mustcontainan empty cone.Because
�

is exterior to
��A*¤��1­ v!x ,  cA*¤��1­ v!x dnQ>5874u , and  c�1­ v!x A*¤ p9D5874u

, it follows that  cA � ¤ d  c�1­ v!x A*¤ /
 cA*¤��1­ v!x d�OD5874u d   � ¤�A . Therefore,by consid-
ering the triangle �tA � ¤ , we notethat � A*¤�� d � A � � .
But then edge A*¤ would have beenselectedby A in
step3 sincethesector c¤�A � containsanemptycone,
a contradiction.

It follows that  c�1­ v!x A � pfQ>5874u
, and therefore

 c�1­ v!x ¤ � y -�u · QM365874ufy .4?D5874u
for
ufy .�Q

.

This means that at least four cones are contained
insidesector   � ¤��1­ v!x . It is easyto checknow that
regardlessof theplacementof theedge¤�A with respect
to thesecones,edge¤��1­ v!x is alwaysselectedout of
¤ by the algorithm.This completesthe proof.

Sincea Delaunaygraphof a Euclideangraphof
|

pointscanbe computedin time { -6|<} ~!|J3 [10] andhas
stretchfactor A*BDC(E , we have the following theorem.

Corollary 3.9: Thereexists an algorithmthat, given
a Euclidean graph on

|
points, computesa planar

geometricspannerof theEuclideangraphof maximum
degree

u
andstretchfactor

-�.8/�9D5J-�u8I�KML�� ��3wv!x�3 a�A*BDC(E ,
where

u�yÖ.�Q
is an integer. Moreover, the algorithm

runs in time { -6|<} ~!|J3 .
Corollary 3.9 significantly improvesall the previous

resultsin the literature, in particular thosein [3], [4],
[5].

IV. GEOMETRIC SPANNERS OF UNIT DISK GRAPHS

A unit disk graph � on a set of
|

points � in the
plane is a graph whosepoint-set is � , and such that
thereis an edgebetweentwo points � and � in � if
and only if � ����� p�. . An edge of � is embedded
in the plane as the straight-line segment joining its
two endpoints.Unit disk graphs are very important
becausethey modelwirelessnetworks.We assumethat
� is connectedand that each point in � knows its
coordinatesthrougha Global PositionSystem(GPS).

In this sectionwe show how to constructa planar
geometricspannerof a unit disk graphhaving bounded
degree and a smaller stretch factor. The results in
the previous sectiondo not carry to unit disk graphs
becausenot all the Delaunaygraphedgesof the point-
set � areunit disk edges.However, if we let

���
	 - � 3 be
the Delaunaygraphof � , and � ���
	 - � 3 the subgraph
of
���
	 - � 3 obtainedfrom

���
	 - � 3 by deleting those
edgesof lengthgreaterthanoneunit, thenit wasshown
in [19] that � ���
	 - � 3 is aconnectedspanning-subgraph
of � that is planarandthat hasstretchfactorbounded
by A*BDC(E .

Therefore,if we apply the results in the previous
section to � F�� ���
	 - � 3 , by observingthat all the
edgeson the path definedin Lemma3.2 must be unit
disk edges(given that edgesA*£ and A*¤ are), it is
easyto seethat Theorem3.1 and Corollary 3.9 carry
over to unit disk graphs.The only problem,however,
is that the constructionof � ���
	 - � 3 cannotbe done
locally, which is a crucial constrainton any algorithm
for wirelessnetworks whosedevices could be ad-hoc,
andhave limited computationalresources.

To solve this problem, Wang et al. [19], [20] in-
troduceda subgraphof � which is a supergraph of
� ���
	 - � 3 , and that hasmany desirableproperties.We
review thesedefinitions next, then we develop some
structuralresultsto show how this supergraphdefined
in [19], [20] canserve astheunderlyingsubgraph� of



� so that the resultsdevelopedin the previous section
carry over to unit disk graphs.

Given a unit disk graph � , the Gabriel graph of � ,
denoted�*� - � 3 , is the subgraphof � having the same
point-setas � and suchthat an edge���¾��� is also
an edgein �*� - � 3 if and only if the disk of diameter
��� containsno pointsof � otherthan � and � [12].

A triangle �t���W� is saidto bea 1-localizedDelau-
naytriangle [19], [20] if ������� containsnoneighbors
of � , � , or � in its interior. In general,for any integer
µ yº. , a triangle �t���W� is said to be an µ -localized
Delaunay triangle [19], [20] if ������� containsno
points of � in its interior that are within µ hopsfrom
any of thepoints � , � , or � . The µ -localizedDelaunay
graph of � , denoted
 ���
	�� ¯�� - � 3 , where µ yá. , is the
subgraphof � inducedby: the setof all Gabrieledges
of � plustheedgesof all µ -localizedtrianglesof � [19],
[20].

It wasshown in [19], [20] that for any integer µ yn9 ,

 ���
	 � ¯�� - � 3 is a planar supergraph of � ���
	 - � 3 , and
hencehas stretch factor boundedby A*BDC(E . Moreover,
the resultsin [6], [31] show how given � , 
 ���
	 � ¹ � - � 3
can be computed by a strictly-localized distributed
algorithmexchangingno more than { -6|J3 messagesin
total (

|
is thenumberof pointsin � ), andhaving a local

processingtime of { -��e} ~*�[3 Fª{ -6|<} ~!|J3 at a point
of degree

�
. Therefore,we will use 
 ���
	 � ¹ � - � 3 as

the underlyingsubgraphof � to replacethe Delaunay
graph� usedin theprevioussection,andwe notethat:

 ���
	 � ¹ � - � 3 is planar, is a supergraphof � ���
	 - � 3 , and
hencehasstretchfactor A*BDC(E .

The following lemmaappearsin [30], [31] andgives
a characterizationof 
 ���
	 � ¹ � - � 3 .

Lemma4.1 ( [30], [31]): An edge ��� ��� is in

 ���
	 � ¹ � - � 3 if and only if there is a circle passing
through points � and � whose interior containsno
point of � within two hopsfrom � or � .

Let � and � be two points in the planeandlet
- { 3

beany circle passingthrough� and � . Thechord ���
subtendstwo regionsof

- { 3 . If � is a point in theplane
differentfrom � and � , thenoneof the two regionsof- { 3 subtendedby thechord ��� is on thesamesideof
��� as � , whereasthe other is on the oppositesideof��� as � . For convenience,we will refer to the former
as the region of

- { 3 subtendedby ��� and closer to� , and to the latter as the region of
- { 3 subtendedby

��� and farther from � . The following two lemmas
canbe proved usingelementarygeometry.

Lemma4.2: Let � and � betwo pointsin theplane
andlet

- { 3 bea circle passingthrough� and � . Let �
be any point exterior to

- { 3 and let
- {�¢ 3 be ������� .

Then the region of
- {�¢ 3 subtendedby chord ��� and

farther from � is inside the region of
- { 3 subtended

by ��� and fartherfrom � .
Lemma4.3: Let �t���W� be a triangle in � and

supposethat the region of ������� subtendedby ���

and farther from � containsno points of � that are
within two hopsfrom either � or � . Thenthe interior
of the region of ������� subtendedby ��� andfarther
from � containsno points of � that are within two
hopsfrom � .

We are now ready to show that Lemma 3.2 holds
for 
 ���
	 � ¹ � - � 3 . For convenience,we will let ��F

 ���
	 � ¹ � - � 3 in the remainderof this section.

Let A*£ and A*¤ be edgesin � suchthat  c¤�A*£ p9D5874u
, where

u©yÏ.�Q
is an integer, and A*£ is the

shortestedgein the angularsector  c¤�A*£ . We again
separatethe proof into two parts basedon whether
�t¤�A*£ containspointsof � or not.

A. TheOutward Path

We assumethat no points of � are inside �t¤�A*£ .
To show that the outward pathdefinedin the previous
sectioncarriesto � , we have the following structural
results.

Lemma4.4: Let ��� and �m� be edgesin � and
supposethat ��� ��� . Then the region of �������
subtendedby ��� andfartherfrom � andtheregion of
������� subtendedby �m� andfartherfrom � contain
no pointsof � that arewithin two hopsfrom � , � , or� .

Proof: We will show the statementfor the region
of ������� subtendedby ��� andfartherfrom � . The
statementaboutthe other region follows by symmetry.

The edgesin � F�
 ���
	�� ¹ � - � 3 are of two types:
Gabriel edges and edges in 2-localized Delaunay
triangles. We distinguish the following two cases
accordingto the type of edge��� .

Case 1: ��� is a Gabriel edge. In this case the
circle

- { 3 of diameter ��� containsno points of � .
In particular, � is exterior to

- { 3 . By Lemma 4.2,
the region of ������� subtendedby ��� and farther
from � is interior to

- { 3 . This shows that the region
of ������� subtendedby ��� and farther from �
containsno pointsof � .

Case 2: ��� is an edge in a 2-localized Delaunay
triangle. By Lemma4.1, thereis a circle

- { 3 passing
through � and � whoseinterior is emptyof any point
of � within two hopsof � or � , andby Lemma4.3 of
� aswell. Since � mustbe exterior to

- { 3 , the region
of �����W� subtendedby ��� and farther from � is
interior to

- { 3 , andhencecontainsno pointsof � that
arewithin two hopsfrom � , � , or � . This completes
the proof.

Corollary 4.5: Let ��� and �m� beedgesin � such
that ���¥��� . If ��� 7��� then the region of �������
engulfedby theangularsector c�t�m� containsa point
of � .

Proof: Since ��� 7�o� , by Lemma4.1 �������
mustcontainapoint � thatis within 2-hopsof either �



or � . Sinceboth ��� and�m� arein � , by Lemma4.4,
the region of ������� subtendedby ��� and farther
from � and the region of ������� subtendedby �m�
and farther from � contain no points of � that are
within two hopsfrom � or � . It follows that theregion
of ������� engulfedby theangularsector c�t�m� must
containa point of � that is within 2-hopsof � or � .
This completesthe proof.

Lemma4.6: Let A*£ and A*¤ be edgesin � such
that £�¤���� , and let

- { 3 F���£�¤�A . Supposethat
A*£ and A*¤ are on one side of the diameterpassing
through A in

- { 3 . Supposefurther that no point of �
is interior to �tA*£�¤ . Let Î be the region of of

- { 3
subtendedby £�¤ andcontainingA . Thenfor any point
� in theregion of

- { 3 subtendedby £�¤ thatdoesnot
contain A , Î is devoid of any point within two hops
from � .

Proof: Sinceboth A*£ andA*¤ arein � , £�¤¾��� ,
andno point of � is interior to �tA*£�¤ , it follows from
Lemma 4.4 that the region Î is devoid of any point
within two hopsof £ , ¤ , or A . SinceA*£ and A*¤ are
on onesideof the diameterpassingthrough A in

- { 3 ,
any point � in the region subtendedby £�¤ that does
not containA mustbea neighborof A , £ , and ¤ in � .
Now using Lemma4.3 and elementarygeometry, it is
easyto verify that Î doesnot containany point within
two hopsfrom � .

Lemma4.7: Let A*£ and A*¤ be edgesin � such
that £�¤���� , and let

- { 3 F���£�¤�A . SupposethatA*£ and A*¤ are on on oppositesidesof the diameter
passingthroughA in

- { 3 . Supposefurtherthatno point
of � is interior to �tA*£�¤ , and let Î be the region of
of
- { 3 subtendedby £�¤ and containing A . Then no

point of � is interior to Î .
Proof: Since both A*£ and A*¤ are in � and

no point of � is interior to �tA*£�¤ , it follows from
Lemma 4.4 that the region Î is devoid of any point
within two hopsof £ , ¤ , or A . SinceA*£ and A*¤ are
on oppositesidesof the diameterpassingthrough A in- { 3 , any point in Î mustbeadjacentto A , in � (since
either A*£ or A*¤ is a longestchord in Î ). It follows
that no point of � is interior to Î .

Lemma4.8: Let A*£ , A*¤ be edgesin � such that c¤�A*£ p19D5874u , where
u[y1.�Q

is an integer. Then the
outwardpathdescribedby the recursive constructionin
the previous sectionis well defined.

Proof: It suffices to show that in eachrecursive
step, if there is no edgebetweenpoints � ¯ �m´ then
the intermediatepoint �mÀ for pair

- � ¯ Y �m´ 3 is well
defined.Let

- { 3 F���¤�A*£ , andlet Î be theregion of- { 3 subtendedby £�¤ andcontainingA . Wedistinguish
two cases.(Note that sinceA*£ and A*¤ arein ����� ,
and  c¤�A*£ pn9D5874u[po587:T , it follows that £�¤¾��� .)

If A*£ and A*¤ are on one side of the diameterof- { 3 through A , then by Lemma4.6, the interior of Î
is empty of any point of � within two hopsfrom any

point � in theregion of
- { 3 subtendedby £�¤ andnot

containingA . It follows from Corollary4.5that,for any
pair of points

- � ¯ Y �m´ 3 in the recursive construction
(initially

- � ¯ Y �m´ 3 F - £ Y ¤ 3 ), either � ¯ �m´����
or the region of the circle defined in the recursive
constructionfor pair

- � ¯ Y �m´ 3 (initially this circle is- { 3 for pair
- £ Y ¤ 3 ) containsan intermediatepoint �mÀ

in its region subtendedby � ¯ �m´ andnot containingits
center. Therefore,eachintermediatepoint describedby
the recursive constructionsectionis well defined.

If A*£ and A*¤ areon oppositesidesof thediameter
of
- { 3 throughA , thenby Lemma4.7,theinterior of Î

is emptyof any points in � . By a similar argumentto
theonemadein theabove paragraph,eachintermediate
point describedby the recursive constructionsectionis
well defined.

By Lemma 4.8, for any edge A*£ and A*¤ in �
suchthat  c¤�A*£ p�9D5874u (

uWy�.�QM3
, the outward path

between£ and ¤ as definedin the previous section
is also in � , and its length satisfiesthe samebound
as before. This establishespart

- µ 3 in Lemma 3.2.
Moreover, since the proofs of parts

- µ�µ�µ 3 and
- µ�Ý 3 in

the lemma rely solely on geometricarguments,parts- µ�µ�µ 3 and
- µ�Ý 3 hold aswell. To show part

- µ�µ 3 , we first
needthe following lemmas.

Lemma4.9: Let A*£ and A*¤ be edgesin � such
that £�¤���� , and let

- { 3 Fì��£�¤�A . Supposethat
A*£ and A*¤ are on one side of the diameterpassing
through A in

- { 3 . Supposefurther that no point of �
is interior to �tA*£�¤ . In every recursive step of the
outward path constructiondescribedabove, if �mÀ is
an intermediatepoint with respectto the pair of points- � ¯ Y �m´ 3 , thenthereis a circle passingthrough A and
�mÀ that containsno point of � within two hopsfromA or �mÀ .

Proof: Noting that thepointsin the region of
- { 3

delimitedby A*£ , A*¤ , and ½£�¤ form a clique in � , the
proof is exactly the sameas that of Lemma3.5 using
Lemma4.4.

Lemma4.10: Let A*£ and A*¤ be edgesin � such
that  c¤�A*£ p�9D5874u , where

u y�.�Q
is an integer, and

let
- { 3 Ff��£�¤�A . Supposethat A*£ and A*¤ are on

oppositesides of the diameterpassingthrough A in- { 3 . Supposefurther that no point of � is interior to�tA*£�¤ . If �mÀ is an intermediatepoint with respect
to the pair of points

- � ¯ Y �m´ 3 , then there is a circle
passingthroughA and �mÀ that containsno point of �
within two hopsfrom A or �mÀ .

Proof: Note that in this casetherecan be points�mÀ such that A*�mÀ is not an edge in � . The proof
is similar to that of Lemma 3.5, and uses the fact
that  c¤�A*£ p©9D5874u . The proof is a bit technicalbut
rely purely on elementarygeometricandtrigonometric
arguments.



Now we arereadyto prove part
- µ�µ 3 of Lemma3.2.

Supposethat there is an edge � ¯ �m´ with
?mp µ d

¶G· .tp,¸ . Thentheremustbeanintermediatepoint �mÀ
with respectto a pair

- � ï Y ��� 3 (with
?�p��'p µ d Á d

¶ p��Ppo¸ ) thatwasfound in the recursive construction
earlier. This meansthat edge � ¯ �m´ will intersect(or
share endpoints)with segments � ï �mÀ and ��� �mÀ .
From the statementsof Lemma 4.9 and Lemma 4.10
appliedto thepair

- � ï Y ��� 3 andthe intermediatepoint
�mÀ , and noting that A and �mÀ are both within two
hops from � ¯ and �m´ (note that A*£ ��� and all
the points in the region of ��A*¤�£ subtendedby ¤�£
that doesnot contain A are neighborsof £ because
 c¤�A*£ pÖ9D5874uopª587:T when

u�y�.�Q
), we conclude

that any circle passingthrough � ¯ and �m´ will either
contain A or �mÀ , contradicting the assumptionthat
� ¯ �m´ is an edgeof � .

B. The Inward Path

We assumethat there are points of � interior to
�tA*¤�£ .

Now that the outwardpathdefinition from the previ-
ous sectioncarriesover, the inward path is definedin
the sameway as in the previous section.Again, parts- µ 3 , - µ�µ�µ 3 , and

- µ�Ý 3 of Lemma3.2 follow immediately.
To show part

- µ�µ 3 , we first presentthefollowing lemma.
Lemma4.11: Let

- £ F à « Y a¬a¬a Y à�â F¾¤ 3 be the
pointson A*� - ß 3 asdefinedin SubsectionIII-B. Then
A à ¯ is an edgein �©F 
 ���
	 � ¹ � - � 3 for µ8F ?>Y a¬a¬a Y�ã .

Proof: We know that A à «WF§A*£ and A à�â F
A*¤ areedgesin � .

By property
- V 3 in Proposition3.6, we have � A*£<�NF� A à «
� p � A à x � p a¬a¬a p � A à�â �>F�� A*¤�� . SinceA à «_F

A*£��e� , it suffices to show that A à x �s� and the
argumentcanberepeatedwith A à ¯ for µ8F 9>Y a¬a¬a Y�ã · .
(using A à ¯ v!x �'� ).

To show that A à x �×�îF!
 ���
	 � ¹ � - � 3 , by
Lemma 4.1, it suffices to show that there exists a
circle

- { 3 passingthrough A and
à x whoseinterior

containsno point of � within two hopsof A or
à x .

Let
- { 3 be the circle passingthrough A and

à x and
tangent to the straight line

à « à x . If
- { 3 intersectsA à « , let A�¢ be the point of intersectionother than

A , andobserve that since
- { 3 is tangentto

à « à x , A�¢
mustbe interior to the segment A à « . If

- { 3 intersectsA*¤ , let A�¢ ¢ be the point of intersectionother than
A , and observe that A�¢ ¢ must be interior to segment
A*¤ . The latter statementfollows from the fact that the
points

- £ F à « Y a¬a¬a Y à�â Fì¤ 3 lie on A*� - ß 3 and
� A*£<��F©� A à «
� p � A à x � p a¬a¬a p � A à�â ��F§� A*¤�� . The
circle

- { 3 can be partitioned into at most four parts
dependingon whether this circle intersectsA à « and
A*¤ or not: (1) the part subtendedby A*A�¢ and farther
from

à x , (2) the part engulfedby the angularsector
 cA�¢ A à x , (3) the part engulfedby the angularsector

  à x A*¤ , and(4) thepartsubtendedby A*A�¢ andfarther
from

à x .
Since

- à « Y a¬a¬a Y à�â 3 lie on A*� - ß 3 , andfrom thefact
that � A*£<��F§� A à «:� p � A à x � p a¬a¬a p � A à�â ��F§� A*¤�� ,
the regions definedin (2) and (3) above lie inside the
region enclosedby �tA*£�¤ andthepath

- à « Y a¬a¬a Y à�â 3 ,
andhencecontainnopointof � . In particular, thesetwo
regionscontainno point within 2-hopsof A or

à x .
To show that the region in (1) containsno point with

2-hops of A or
à x , we show two claims. First, we

show that this region is containedinside the region of
��A à x à « subtendedby A à « andfartherfrom

à x , and
secondthat the latter region containsno point within 2-
hopsof A or

à x . We proceedto show thesetwo claims
next.

To show the first claim, note that since
à « is ex-

terior to
- { 3 , by Lemma4.2 the region of ��A à x à «

subtendedby A à x and farther from
à « is contained

within theregion of
- { 3 subtendedby A à x andfarther

from
à « . Equivalently, the region of

- { 3 subtendedby
A à x and closer to

à « is containedwithin the region
of ��A à x à « subtendedby A à x and closer to

à « . It
follows from this that the region of

- { 3 subtendedby
A*A�¢ and fartherfrom

à x , which is the region in part
(1) above, is containedwithin the region of ��A à x à «
subtendedby A à « and fartherfrom

à x .
To show thesecondclaim, notethatsinceA à «��'� ,

by Lemma4.1thereexistsa circle
- {�¢ 3 passingthrough

A and
à « that containsno point of � within 2-hopsofA or
à « . In particular,

à x is exterior to thecircle
- {�¢ 3 ,

andby Lemma4.2 the region of ��A à x à « subtended
by A à « and farther from

à x is containedwith the
region of

- {�¢ 3 subtendedby A à « andfartherfrom
à x .

Therefore,the region of ��A à x à « subtendedby A à «
andfartherof

à x containsno point within 2-hopsof A
or
à « , andby Lemma4.3,no neighborwithin two hops

from
à x (notethat A à « , A à x and

à « à x areall edges
in � ). Therefore,theregion of ��A à x à « subtendedby
A à « and farther of

à x containsno point within two
hopsfrom A or

à x .
It follows that the region definedin part (1) above

containsno point within two hopsof A or
à x .

Similar to theabove,andusingthefactthat A*¤Ö�'� ,
we can show that the region in (3) containsno point
within two hopsfrom A or

à x .
It follows that thecircle

- { 3 containsno point within
two hopsof either A or

à x , and A à x �<� .
Now part

- µ�µ 3 of Lemma 3.2 follows from
Lemma4.11, part

- µ�µ 3 of Lemma3.2 for the outward
path,and the planarityof � .

C. TheAlgorithm

The algorithmis basicallythe sameasthe Modified
Yao Step algorithmin SectionIII-C, only presentedin
a distributedstrictly-localizedfashion.Eachpoint ���
� performsthe algorithmgiven in Figure4.



Algorithm Spanner Constructor

INPUT: ð"��#�$&%('*) Ç*+-, .0/ ; integer ñtòWókô
OUTPUT: ðJõ : a boundeddegree planar geometricspanner

of .
1.
ù

places ñ identical coneseachof size öD÷ÊøZñ around
itself;

2. for every non-emptycone
ù

selectsthe shortestedgein
the cone;

3. for every maximalsequenceof úJò�ó consecutive empty
cones

ù
doesthe following:

3.1. if úJû�ó then
ù

selectsthefirst ü ú�ø�öDý unselected
incidentedgesclockwisefrom the sequenceof
emptyconesandthe first þ ú�ø�öDÿ unselected
incidentedgescounterclockwisefrom the
sequenceof emptycones;

3.2.else(i.e., ú��só ) let
ù��

and
ù��

betheincident
edgesclockwiseandcounterclockwise,
respectively, from the emptycone; if either

ù��
or
ù��

is selectedthen
ù

selectstheotheredge
(in caseit hasnot beenselected);otherwise

ù
selectsthe shorteredgebetween

ù��
and
ù��

breakingties arbitrarily;
4.
ù

sendsa messageto every neighbor
�

notifying it of
whether

ù
selectedthe edge

ù��
or not.

Upon receiving a messagefrom a neighbor1 ,
ù

performsthe
following steps:

1. decidethestatusof theedge
ù 1 asfollows:

ù 132!ð õ
if andonly if

ù 1 hasbeenselectedby both
ù

and 1 .
2. if for every neighbor

�
the statusof the edge

ù��
has

beendeterminedthen
ù

finishesprocessing.

Fig. 4. The algorithmSpannerConstructor.

The spanner��¢ of � consistsof thoseedgesin �
selectedby both their endpoints.

The resultsin [6], [31] show how �ºF4� ���
	 � ¹ � - � 3
can be constructedby a distributed strictly-localized
algorithmthatexchangesno morethan { -6|J3 messages
in total (eachof length { -�} ~_|J3 bits), where

|
is the

number of points in � , and a local processingtime
of { -��e} ~t�[3 FÜ{ -6|<} ~!|J3 at a point of degree

�
.

Noting thatin thealgorithmSpannerConstructor each
point needsonly to notify its neighborsaboutits setof
selectededges,thecommunicationcostof thealgorithm
Spanner Constructor is { -6|J3 messages.Moreover,
since the number of cones around any point � is
boundeda constant

u
, it is easyto seethat all steps

in Spanner Constructor can be performedby � of
degree

�
in { -��e} ~*�[3 F§{ -6|<} ~!|J3 local processing

time by first sorting its set of incident edgesin � in
counterclockwise(or clockwise) order. It follows that
the local processingtime of any point of degree

�
during thewholeconstructionof thespanner, including
the constructionof � , is { -��e} ~*�[3 F�{ -6|<} ~_|J3 .

The statementof Lemma3.8 in the previous section
holdstrueaswell (theproof is exactly thesame)for the
algorithm Spanner Constructor. Summarizingall the
resultsin this section,we concludewith the following
theorem.

Theorem4.12: There exists a distributed strictly-
localizedalgorithmthat,givena unit graphon

|
points,

computesa planargeometricspannerof the unit disk
graph of maximum degree

u
and stretch factor

-�.�/
9D5J-�u8I�KML � ��3wv!x�3 a A*BDC(E , for any integer

u[yn.�Q
. Moreover,

the algorithmexchangesno more than { -6|J3 messages
in total, andhave a local processingtime of

�e} ~��
at

a point of degree
�

.
Theorem4.12significantlyimprovesall the previous

resultsin the literature[5], [30], [31].

V. GEOMETRIC SPANNERS OF QUASI-UNIT DISK

GRAPHS

Even thoughunit disk graphsarecommonlyusedto
model wirelessnetworks, in reality, they might devi-
ate from many real wirelessnetworks due to reasons
including multi-path fading [13], [27], antennadesign
issues,inaccuratenodepositionestimation,etc.A more
generalnetwork model, the quasi unit disk graph, has
beenrecentlyproposedto capturethenonuniformchar-
acteristicsof wirelessnetworks.Formally, this modelis
definedas follows.

Let � be setof points in the planeand let
?jp���p

.
be a constant.A quasi unit disk graph on � with

parameter
�
, denoted576�V ã µ -� , is definedas follows:

for any two point � and � in � , ��� is an edgein
576�V ã µ -� if � ����� ph� , and ��� is not an edge in
576�V ã µ -� if � �����_� . . If

�ld � ����� pg. then ���
may or may not be an edgein 576�V ã µ -� .

The quasi unit disk graph model was first studied
in [1] and further developed in [17]. However, the
work in [1], [17] focusedmore on routing algorithms
for the casewhen

�ly 0 9>7:9
. Separabilityand other

topology-controlissuesof quasiunit disk graphswere
alsostudiedin [8].

In this sectionswe show how the resultsdeveloped
in the previous sectionsextend to the quasi unit disk
graphmodel.Let 576�V ã µ -� be a quasiunit disk graph
with parameter

?�d,��p1.
on a setof

|
points � , and

assumethat 576�V ã µ -� is connected.We use the same
approachused in [8] to constructpower spannersof
quasiunit disk graphs.Note that a power spannerof a
graphis not necessarilya geometricspanner, andhence
the algorithm in [8] for constructingpower spanners
of unit disk graphscannot be used for constructing
geometricspanners.

Call an edge ��� in 576�V ã µ -� a short edgeif and
only if � ����� p,� ; otherwise,call ��� a long edge.Let¡ â98
: ­(� the set of short edges,and note that the graph
induced by ¡ â98
: ­(� is a unit disk graph with unit

�
.

Denotethis graphby � â98
: ­(� andnotethat � â98
: ­(� may
not be connected.

Apply the algorithm Spanner Constructor to each
componentof � â98
: ­(� to constructa planar geometric
spannerof this componentof degreeboundedby

u
and

stretchfactor
-�.*/�9D5J-�u8I�KML � � 3wv!x�3 a:A*BDC(E , where

uey.�Q
is an integer parameter. Add all the edgesin the

spannersof the componentsto ��¢ .



Now imposea grid of cell-size B; ¹�< B; ¹ on theplane.
Note thatany two pointsin thesamecell areconnected
in 576�V ã µ -� andthatany long edgemustconnectpoints
in two different cells. For each pair of cells, add to
��¢ the shortestedgebetweenthosetwo cells (i.e., the
shortestedgehaving one endpoint in one of the two
cells andthe otherendpointin the othercell). Observe
thatdeterminingtheshortestedgebetweentwo cellscan
be donein a strictly-localizedfashionsincethe points
in a cell form a clique.This completestheconstruction
of ��¢ .

We have the following theoremwhoseproof is very
similar to the proof of Theorem5 in [8] for the caseof
power spanners.

Theorem5.1: Let 576�V ã µ -� be a connectedquasi
unit disk graphon

|
pointswith parameter

?�do��pn.
.

For any integer
u�yÜ.�Q

, there is a strictly-localized
distributedalgorithmthat constructsa geometricspan-
ner of 576�V ã µ -� with the following properties:(1) its
maximum degree is { -�.>7���3 , (2) its stretch factor is.*/l94-�.*/�9D5J-�ucI�KML � � 3 v!x 3 a�A*BDC(E , and (3) the average
numberof edgescrossingany given edgein 576�V ã µ -�
is { -�.>7���3 .
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