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Abstract

Clustering of data in a large dimension space is of a great interest in many data mining appli�

cations� In this paper� we propose a method for clustering of data in a high dimensional space
based on a hypergraph model� In this method� the relationship present in the original data in high

dimensional space are mapped into a hypergraph� A hyperedge represents a relationship �a�n�

ity� among subsets of data and the weight of the hyperedge re�ects the strength of this a�nity�

A hypergraph partitioning algorithm is used to �nd a partitioning of the vertices such that the

corresponding data items in each partition are highly related and the weight of the hyperedges

cut by the partitioning is minimized� We present results of experiments on two di�erent data

sets	 S
P��� stock data for the period of 
����
��� and protein coding data� These experiments

demonstrate that our approach is applicable and e�ective in high dimensional datasets�

� Introduction

Clustering in data mining is a discovery process that groups a set of data such that the intracluster
similarity is maximized and the intercluster similarity is minimized �CHY���� These discovered clus�
ters are used to explain the characteristics of the data distribution� For example� in many business
applications� clustering can be used to characterize di�erent customer groups and allow businesses to
o�er customized solutions� or to predict customer buying patterns based on the pro�les of the cluster
to which they belong�
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Given a set of n data items with m variables� traditional clustering techniques �CS��� JD

� group
the data based on some measure of similarity or distance between data points� Most of these clustering
algorithms are able to e�ectively cluster data when the dimensionality of the space �i�e�� the number of
variables� is relatively small� However� these schemes fail to produce meaningful clusters� if the number
of variables is large�

Clustering of large dimensional data sets is of a great interest in many data mining applications�
For example� in market basket analysis� a typical store sells thousands of di�erent items to thousands
of di�erent customers� If we can cluster the items sold together� we can then use this knowledge to
perform e�ective shelf�space organization as well as target sales promotions� Clustering of items from
the sales transactions requires handling thousands of variables corresponding to customer transactions�
Finding clusters of customers based on the sales transactions also presents a similar problem� In this
case� the items sold in the store correspond to the variables in the clustering problem�

In this paper� we propose a method for clustering of data in a high dimensional space based on a
hypergraph model� In a hypergraph model� each data item is represented as a vertex and related data
items are connected with weighted hyperedges� A hyperedge represents a relationship �a
nity� among
subsets of data and the weight of the hyperedge re�ects the strength of this a
nity� Now a hypergraph
partitioning algorithm is used to �nd a partitioning of the vertices such that the corresponding data
items in each partition are highly related and the weight of the hyperedges cut by the partitioning is
minimized�

To test the applicability and robustness of our scheme� we evaluated it on a wide variety of data
sets �HKKM��a� MHB���� HBG��
� HKKM��b�� We present a summary of results on two di�erent
data sets� S�P��� stock data for the period of 	����	��� and protein coding data� These experiments
demonstrate that our approach is applicable and e�ective in a wide range of domains� More speci�cally�
our approach performed much better than traditional schemes for dimensionality reduction �Jac�	�
BDO��� in terms of quality of clusters and runtime�

The rest of this paper is organized as follows� Section � presents our clustering method based on
hypergraph models� Section � presents the experimental results� Section � contains conclusion and
directions for future work�

� Hypergraph�Based Clustering

Our algorithm for clustering related items consists of the following two steps� During the �rst step�
a weighted hypergraph H is constructed to represent the relations among di�erent items� and during
the second step� a hypergraph partitioning algorithm is used to �nd k partitions such that the items
in each partition are highly related� In our current implementation� we use frequent item sets found
by the association rule algorithm �AS��� as hyperedges�

��� Hypergraph Modeling

A hypergraph �Ber��� H � �V�E� consists of a set of vertices �V � and a set of hyperedges �E�� A
hypergraph is an extension of a graph in the sense that each hyperedge can connect more than two
vertices� In our model� the set of vertices V corresponds to the set of data items being clustered� and
each hyperedge e � E corresponds to a set of related items� A key problem in modeling of data items as
hypergraph is the determination of related items that can be grouped as hyperedges and determining
weights of each such hyperedge�

The frequent item sets computed by an association rule algorithm such as Apriori are excellent
candidates to �nd such related items� Note that these algorithms only �nd frequent item sets that have
support greater than a speci�ed threshold� The value of this threshold may have to be determined in
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support{A} = 0.25

support{B} = 0.25

support{C} = 0.25

support{A,B} = 0.1

support{B,C} = 0.1

support{A,C} = 0.1

support{A,B,C} = 0.1

P(A|B) = P(B|A) = 0.4

P(B|C) = P(C|B) = 0.4

P(A|C) = P(C|A) = 0.4

P(A|BC) = P(B|AC) = P(C|AB) = 1.0

Figure 	� Illustration of the power of con�dence in capturing relationships among items�

a domain speci�c manner� The frequent item sets capture relationship of items of size greater than or
equal to �� Note that distance based relationships can only capture relationship among pairs of data
points whereas the frequent items sets can capture relationship among larger sets of data points� This
added modeling power is nicely captured in our hypergraph model�

Assignment of weights to the resulting hyperedges is more tricky� One obvious possibility is to use
the support of each frequent item set as the weight of the corresponding hyperedge� Another possibility
is to make the weight as a function of the con�dence of the underlying association rules� For size two
hyperedges� both support and con�dence provide similar information� In fact� if two items A and B

are present in equal number of transactions �i�e�� if the support of item set fAg and item set fBg are
the same�� then there is a direct correspondence between the support and the con�dence of the rules
between these two items �i�e�� greater the support for fA� Bg� more con�dence for rules �fAg �� fBg�
and �fAg �� fBg��� However� support carries much less meaning for hyperedges of size greater than
two� as in general� the support of a large hyperedge will be much smaller than the support of smaller
hyperedges� Furthermore� for these larger item sets� con�dence of the underlying association rules can
capture correlation among data items that is not captured by support� For example� consider three
items A� B and C and their relationship as represented in Figure 	� The support of each of the pairs
fA� Bg� fB� Cg and fA� Cg is ��	� and the support of fA� B� Cg is also ��	� However� the three�way
relationship among A� B and C is much stronger than those among pairs� as P �CjAB�� P �BjAC� and
P �AjBC� are all 	��� These conditional probabilities are captured in the con�dence of corresponding
association rules� This example also illustrates that relationships among item sets of size greater than
� cannot always be captured by the pairwise relationships of its subsets irrespective of whether the
relationship is modeled by the support or the con�dence of the individual rules� Hence� a hypergraph
is a more expressive model than a graph for this problem�

Another� more natural� possibility is to de�ne weight as a function of the support and con�dence
of the rules that are made of a group of items in a frequent item set� Other options include correla�
tion �BMS���� distance or similarity measure�

In our current implementation of the model� each frequent item�set is represented by a hyperedge
e � E whose weight is equal to the average con�dence of the association rules� called essential rules�
that have all the items of the edge and has a singleton right hand side� We call them are essential rules�
as they capture information unique to the given frequent item set� Any rule that has only a subset of
all the items in the rule is already included in the rules of subset of this frequent item set� Furthermore�
all the rules that have more than 	 item on the right hand size are also covered by the subset of the
frequent item set� For example� if fA�B�Cg is a frequent item�set� then the hypergraph contains a
hyperedge that connects A� B� and C� Consider a rule fAg��fB�Cg� Interpreted as an implication
rule� this information is captured by fAg��fBg and fAg��fCg� Consider the following essential

rules �with con�dences noted on the arrows� for the item set fA�B�Cg� fA�Bg
���
��fCg� fA�Cg

���
��fBg�

�



and fB�Cg
���
��fAg� Then we assign weight of ��� ������������

�
� ���� to the hyperedge connecting A�B�

and C� We will refer to this hypergraph as the association�rule hypergraph�

��� Finding Clusters of Items

Note that the frequent items sets already represent relationship among the items of a transaction� But
these relationships are ��ne grain�� For example� consider the following three frequent item sets found
from a database of stock transactions�

fTexas Inst�� Intel�� Micron Tech�g
fNational Semiconduct�� Intel�g

fNational Semiconduct��Micron Tech�g

These item sets indicate that on many di�erent days� stocks of Texas Instrument� Intel and Micron
Technology moved up together� and on many days� stocks of Intel and National Semiconductor moved
up together� etc� From these� it appears that Texas Instrument� Intel� Micron Technology and National
Semiconductor are somehow related� But a frequent item set of these four stocks may have small support
and may not be captured by the association rule computation algorithm�

However the hypergraph representation can be used to cluster together relatively large groups of
related items by partitioning it into highly connected partitions� One way of achieving this is to use a
hypergraph partitioning algorithm that partitions the hypergraph into two parts such that the weight of
the hyperedges that are cut by the partitioning is minimized� Note that by minimizing the hyperedge�
cut we essentially minimize the relations that are violated by splitting the items into two groups� Now
each of these two parts can be further bisected recursively� until each partition is highly connected�

HMETIS �KAKS��� Kar�
� is a multi�level hypergraph partitioning algorithm that has been shown
to produce high quality bi�sections on a wide range of problems arising in scienti�c and VLSI appli�
cations� HMETIS minimizes the weighted hyperedge cut� and thus tends to create partitions in which
the connectivity among the vertices in each partition is high� resulting in good clusters�

Once� the overall hypergraph has been partitioned into k parts� we eliminate bad clusters using the
following cluster �tness criterion� Let e be a set of vertices representing a hyperedge and C be a set
of vertices representing a partition� The �tness function that measures the goodness of partition C is
de�ned as follow�

fitness�C� �

P
e�C Weight�e�

P
je�Cj��Weight�e�

The �tness function measures the ratio of weights of edges that are within the partition and weights of
edges involving any vertex of this partition� The high �tness value suggests that the partition has more
weights for the edges connecting vertices within the partition� The partitions with �tness measure
greater than a given threshold value are considered to be good clusters and retained as clusters found
by our approach� In our experiments� we set this �tness threshold to ��	� Note that this �tness criterion
can easily be incorporated into a partitioning algorithm such that each partition is further bisected
only if the �tness of the partition is below the given threshold value� Then all the partitions found can
be considered good partitions�

Once good partitions are found� each good partition is examined to �lter out vertices that are not
highly connected to the rest of the vertices of the partition� The connectivity function of vertex v in
C is de�ned as follow�

connectivity�v� C� �
jfeje � C� v � egj

jfeje � Cgj

The connectivity measures the percentage of edges that each vertex is associated with� High connec�
tivity value suggests that the vertex has many edges connecting good proportion of the vertices in the
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partition� The vertices with connectivity measure greater than a give threshold value are considered to
belong to the partition� and the remaining vertices are dropped from the partition� In our experiments�
we set this connectivity threshold to ��	�

� Experimental Results

We tested the ability of our item�clustering algorithm to �nd groups of related items� on data�sets from
many application areas� The results of these experiments are described in the following subsections�
In all of our experiments� we used a locally implemented version of Apriori algorithm �AS��� to �nd
the association rules and construct the association�rule hypergraph�

��� S�P ��� Stock Data

Our �rst data�set consists of the daily price movement of the stocks that belong to the S�P��� index�
It is well known in the �nancial community� that stocks belonging to the same industry group tend to
trade similarly� For example� a group of stocks from a particular industry tend to move up or down
together depending on the market�s belief about the health of this industry group� For this reason� we
used this data set to verify the ability of our clustering algorithm to correctly cluster the various stocks
according to their industry group�

The data set consists of a binary table of size 	���� �	�� Each row of this table corresponds to up
or down movement indicator for one of the ��� stocks in S�P��� stocks� and each column corresponds
to a trading day from Jan� 	��� to Oct� 	���� An entry of 	 in location �i� j� where i corresponds to up
indicator of a stock means that the closing price of this stock on j�th day is signi�cantly higher ��� or
	�� point or more� than the day before� Similarly� an entry of 	 in location �i� j� where i corresponds
to down indicator of a stock means that the closing price of this stock on j�th day is signi�cantly lower
��� or 	�� point or more� than the day before�

We clustered these stock indicators using our hypergraph�based method� We used a minimum
support threshold of �� which means that all stocks in a frequent item set must have moved together
at least on �� days� This lead to a hypergraph consisting of ��� vertices and 	���� hyperedges� Note
that the number of vertices in the hypergraph is considerably smaller than the number of distinct items
in the data�set� This is because some of the stocks do not move very frequently� hence the corresponding
items do not have su
cient support� This hypergraph was then partitioned into �� partitions� Out of
these �� partitions� only �� of them satisfy the �tness function� Out of �� clusters� 	� clusters were
clean clusters as they contain stocks primarily from one industry group� Some of the clean clusters
found from this data are shown in Table 	 and the complete list of clusters is available in �HKKM��b��
Looking at these clusters we can see that our item�clustering algorithm was very successful in grouping
together stocks that belong to the same industry group� For example� our algorithm was able to �nd
technology�� �nancial�� oil�� gold�� and metal�related stock�clusters� Also� it is interesting to see that
our clustering algorithm partitioned the technology companies into two groups� and the �rst of them
consists mostly of networking and semiconductor companies�

��� Protein Coding Database

Our next data set is from a problem from the domain of molecular biology� Molecular biologists study
genes within the cells of organisms to determine the biological function of the proteins that those
genes code for� Faced with a new protein� biologists have to perform a very laborious and painstaking
experimental process to determine the function of the protein� To rapidly determine the function of
many previously unknown genes� biologists generate short segments of protein�coding sequences �called
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Discovered Clusters Industry Group

APPLIED MATL↓, BAY NETWORK↓, 3 COM↓, CABLETRON SYS↓,

CISCO↓, DSC COMM↓, HP↓, INTEL↓, LSI LOGIC↓, MICRON TECH↓, Technology 1

NATL SEMICONDUCT↓, ORACLE↓, SGI↓, SUN↓, TELLABS INC↓, TEXAS INST↓
APPLE COMP↓, AUTODESK↓, ADV MICRO DEVICE↓, ANDREW CORP↓,

COMPUTER ASSOC↓, CIRC CITY STORES↓, COMPAQ↓, DEC↓, EMC CORP↓, Technology 2

GEN INSTRUMENT↓, MOTOROLA↓, MICROSOFT↓, SCIENTIFIC ATL↓
FANNIE MAE↓, FED HOME LOAN↓, MBNA CORP↓, MORGAN STANLEY↓ Financial

BAKER HUGHES↑, DRESSER INDS↑, HALLIBURTON HLD↑, LOUISIANA LAND↑, Oil

PHILLIPS PETRO↑, SCHLUMBERGER↑, UNOCAL↑
BARRICK GOLD↑, ECHO BAY MINES↑, HOMESTAKE MINING↑, Gold

NEWMONT MINING↑, PLACER DOME INC↑
ALCAN ALUMINUM↓, ASARCO INC↓, CYPRUS AMAX MIN↓,

INLAND STEEL INC↓, INCO LTD↓, NUCOR CORP↓, PRAXAIR INC↓, Metal

REYNOLDS METALS↓, STONE CONTAINER↓, USX US STEEL↓

Table 	� Clustering of S�P ��� Stock Data

expressed sequence tags� or ESTs� and match each EST against the sequences of known proteins� using
similarity matching algorithms �NRS����� The result of this matching is a table showing similarities
between ESTs and known proteins� If the EST clusters can be found from this table such that ESTs
within the same cluster are related to each other functionally� then biologists can match any new EST
from new proteins against the EST clusters to �nd those EST clusters that match the new EST most
closely� At this point� the biologists can focus on experimentally verifying the functions of the new
EST represented by the matching EST clusters� Hence �nding clusters of related ESTs is an important
problem� Related work in this area can be found in �HHS���� which reports clustering of the sequence�
level building blocks of proteins by �nding transitive closure of the pairwise probabilistic similarity
judgments�

To assess the utility of hypergraph�based clustering in this domain� we performed experiments with
data provided by the authors of �NRS����� Our data set consists of a binary table of size ���� 		�
��
Each row of this table corresponds to an EST� and each column corresponds to a protein� An entry of
	 in location �i� j� means that there is a signi�cant match between EST i and protein j� We clustered
the ESTs using our hypergraph�based method� In �nding the frequent item sets we used a support
of ������ which essentially created frequent item sets of EST that are supported by at least three
proteins� This led to a hypergraph with ��� vertices and 	�
��
� hyperedges� We used HMETIS to
�nd �� partitions� out of which �� of them satis�ed the �tness criteria� The total number of ESTs
clustered was �
�� These �� EST clusters were then given to biologist to determine whether or not they
are related� Their analysis showed that most of the EST clusters found by our algorithm correspond
to ESTs that are related� In fact� 	� of the �� clusters are very good� as each corresponds to a single
protein family� These 	� clusters together contain 		� ESTs� Three clusters are bad �they contained
random ESTs�� and analysts could not determine the quality of � other clusters� Each of the remaining
�� clusters has subclusters corresponding to distinct protein families � � clusters have two subclusters�
� clusters have three subclusters� � clusters have four subclusters� and � clusters have �ve subclusters�
Furthermore� when we examined the connectivity of the sub�hypergraphs that correspond to some
of these �� clusters� we were able to see that further subdivision would have created single�protein
clusters� This is particularly important� since it veri�ed that the association�rule hypergraph is highly
e�ective in modeling the relations between the various ESTs� and we are able to verify the quality of
the clusters by looking at their connectivity� Also� our clustering algorithm took under �ve minutes
to �nd the various clusters which includes the time required to �nd the association rules and form the
hypergraph�
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� Conclusion and Directions for Future Work

In this paper� we have presented a method for clustering data in a high dimensional space based on a
hypergraph model� Our experiments indicate that the hypergraph�based clustering holds great promise
for clustering data in large dimensional spaces� Traditional clustering schemes such as Autoclass �CS���
and K�means �JD

� cannot be directly used in such large dimensionality data sets� as they tend to
produce extremely poor results �HKKM��b�� These methods perform much better when the dimen�
sionality of the data is reduced using methods such as Principal Component Analysis �Jac�	�� However�
as shown by our experiments in �HKKM��b�� the hypergraph�based scheme produces clusters that are
at least as good or better than those produced by AutoClass or K�means algorithm on the reduced
dimensionality data sets�

One of the major advantages of our scheme over traditional clustering schemes is that it does
not require dimensionality reduction� as it uses the hypergraph model to represent relations among
the data items� This model allows us to e�ectively represent important relations among items in
a sparse data structure on which computationally e
cient partitioning algorithms can be used to
�nd clusters of related items� Note that the sparsity of the hypergraph can be controlled by using
an appropriate support threshold� An additional advantage of this scheme is its ability to control
the quality of clusters according to the requirements of users and domains� With di�erent levels of
minimum support used in Apriori algorithm� the amount of relationship captured in the hypergraph
model can be adjusted� Higher support gives better quality clusters containing smaller number of data
items� whereas lower support results in clustering of larger number of items in poorer quality clusters�
Furthermore� our hypergraph model allows us to correctly determine the quality of the clusters by
looking at the internal connectivity of the nodes in each cluster� This �tness criterion in conjunction
with the connectivity threshold discussed in Section � provide additional control over the quality of each
cluster� Computationally� our scheme is linearly scalable with respect to the number of dimensions of
data �as measured in terms of the number of binary variables� and items� provided the support threshold
used in generating the association rules is su
ciently high�

Like other clustering schemes and dimensionality reduction schemes� our approach also su�ers
from the fact that right parameters are necessary to �nd good clusters� The appropriate support
level for �nding frequent item sets is largely depend on the application domain� Another limitation
of our approach is that our scheme does not naturally handle continuous variables as they need to
be discretized� However� such a discretization can lead to a distortion in the relations among items�
especially in cases in which a higher value indicates a stronger relation� For this type of domains�
in which continuous variables with higher values imply greater importance� we have developed a new
algorithm called Min�Apriori �Han�
� that operates directly on these continuous variables without
discretizing them�

Our current clustering algorithm relies on the hypergraph partitioning algorithm HMETIS to �nd
a good k�way partitioning� As discussed in Section �� even though HMETIS produces high quality
partitions� it has some limitations� Particularly� the number of partitions must be speci�ed by the users
as HMETIS does not know when to stop recursive bisection� However� we are working to incorporate
the �tness criteria into the partitioning algorithm such that the partitioning algorithm determines the
right number of partitions automatically� Another way of clustering is to do a bottom�up partitioning
followed by a cluster re�nement� In this approach� instead of using HMETIS to �nd the partitions
in a top�down fashion� we can start growing the partitions bottom�up by repeatedly grouping highly
connected vertices together� These bottom�up partitions can then be further re�ned using a k�way
partitioning re�nement algorithm as implemented in HMETIS�
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