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Abstra ct

In this pa per we prese nt improve d bounds on the comple xity of solutions
to the ¿ ring synchroniza tion problem. In the ¿ ring synchronization proble m
we cons ider a one-dime ns ional a rray of n identica l ¿ nite a utoma ta . Initia lly
all a utoma ta a re in the same s ta te e xcept for one automaton which is des ig-
na te d a s the initia tor for the synchroniza tion. Our re sults hold for the origi-
na l problem, whe re the initia tor may be located a t eithe r e ndpoint, and for the
va ria nt whe re any one of the automata ma y be the initiator, ca lle d the ge nera l-
ize d problem. In both ca ses , the goa l is to de ¿ ne the set of s ta te s a nd trans ition
rule s for the a utoma ta so tha t a ll machine s e nte r a specia l ¿ re s tate s imultane -
ous ly and for the ¿ rs t time during the ¿ na l round of the computation. In our
work we improve the cons truction for the bes t known minima l-time solution
to the ge nera lize d problem by re ducing the number of s ta te s nee ded and give
non-minima l time solutions to the original and ge nera lize d proble m which
use fewer s tates tha n the corresponding minima l-time solutions .

Ke ywords: cellu lar au tomata, ¿ ring squad s ynchron iza tion problem

1 Introduction

In the ¿ ring s ynchronization problem we cons ide r a one -d ime ns ional arra y of n
iden tical ¿ n ite automa ta . In itially all au tomata are in the sa me sta te e xcep t fo r one
automa ton, which is de signated as the initiator fo r the s ynchronization. The ma-
ch ines opera te in lock-step , a nd the tra ns itions of each a utomaton depend on the
states of the au tomaton a nd its neighbors . The goal is to de ¿ ne the se t o f s ta tes a nd
transition rules for the a utomata s o that all machine s e nter a s pe cia l ¿ re s ta te fo r
the ¿ rs t time and s imultaneously during the ¿ nal round of the computa tion.

Synchronizing a s et o f proces s es is a n importa nt p rob lem in d istributed a lgo-
rithms and the ¿ ring s ynchron iza tion problem is one of the simple st and oldes t
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forma liza tions of this p rob lem. By studying this funda me ntal a nd ele gan t que s -
tion we hope to ga in ins igh t in to othe r s uch problems and develop technique s a nd
intuitions that willbe use ful fo r ge neralizations of the problem. F or example , s olu-
tions to more ge neral versions of the ¿ ring synchronization proble m, in which the
underlying network is a n undirecte d or strong ly-conne cted dire cte d graph , work
by reducing the graph to simpler s tructure s which are synchron ized by s olu tions
to the one-d imens ional p roblem [Kob78, NH81, ELW97, OW 95].

Two obvious criteria fo r ranking s o lu tions a re the speed of the so lu tion, namely
the time ne eded to s ynchronize, a nd the comple xity of the so lution, me as ured by
the numbe r of s tates of the a utomaton.

It is ea sy to show tha t in the orig inal prob le m a n arra y of n automa ta ca nnot
synchronize before time step 2n¡2 [Moo64]. This is the min imal amount of time
for the initiator to se nd a mes sa ge to the fa r end a utomaton a nd ge t a mes sa ge ba ck.
A minimal-time s olu tion is a se t of states and tra ns ition ru les for which synchro-
nization occurs after e xa ctly 2n ¡ 2 time steps, where as a non-minimal time so-
lution is one where s ynchron iza tion takes more tha n 2n ¡ 2 time steps. The s ame
notions can a ls o be de¿ ned for the generalize d vers ion of the problem, and the re
is a s imilar bound on the number of time s te ps ne ce ss ary for synchronization .

In this pa pe r we improve the bounds on the complexity of so lutions to the ¿ ring
synchronization prob lem. We give a 9-s ta te minima l-time a utomaton for a gener-
alized version of the prob lem. This improves on the bes t p re vious ly known con-
struction , an automa ton using 10 s ta tes , which a ppe ared in a paper by Szwerin -
ski [S zw82]. We give a 6-s ta te non-minima l time a utomaton for the origina l prob-
lem whe re the initiator ma y be loca te d at e ither e ndpoint. This a utomaton use s two
fewe r s ta te s tha n the bes t known minima l-time au tomaton for the s ame prob lem
[Ba l67]. We a lso pres ent a 7-s tate non-minimal time s olu tion to the ge ne ralized
proble m which use s 2 fewer s ta te s than the bes t known minimal-time a utomaton
mentioned above. Both of our non-minimal time au tomata are bas ed on a 6-s tate
so lution to a res tricte d version of the problem produced by Ma zoyer [Ma z87]. We
als o have a proof of correctnes s for each of our non-min imal time a utoma ta .

1.1 Previous Work

The ¿ ring s ynchron iza tion problem ha s a long his tory. Initially propos ed by My-
hill, the ¿ rst publis he d s olution is by McCarthy and Mins ky [Min72]. Their a u-
tomaton use s a d ivide and conque r algorithm and takes 3n s te ps to s ynchronize.
The ¿ rs t minimal-time a utoma ton for the orig inal prob lem was produce d by Goto,
who gave a so lution with ove r 1000 states in 1962 [Got62], a nd work in the a re a
quickly focuse d on ¿ nding minimal-time s olutions us ing fe we r s tates . In 1966 Waks -
man [Wak66] ga ve a 16-s ta te minimal-time s olu tion, and Balzer [Bal67] inde pen-
den tly produced an 8-s tate s olu tion using the sa me ide as . Balzer als o s howed , us -
ing a he uristic s earch algorithm, tha t there is no 4-s tate minimal-time s olution to
the orig ina l p rob lem. (S ee als o S anders' pa per [S an94] for a re ce nt res ult con-
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¿ rming the bound). In 1987 Mazoyer [Maz87] produce d a 6-s tate s olution to a re-
stricted ve rs ion of the prob lem in which the initiator is locate d at the left e ndpoin t
of the arra y.

Ma zoye r s ugge sted that a ll so lutions with few s ta te s must neces sa rily be minimal-
time , a con jectu re bas ed on the idea that the simples t s olu tion will na tura lly be the
fas te st. Yunhs [Yun94] contes te d the conje cture1 in 1994 by giving a n implemen-
ta tion of McCa rthy and Mins ky's s olu tion that re qu ires only 13 s ta te s and time
t(n) = 3n § £n log n + C , where 0 · £n < 1 and by producing a 7-s ta te s o-
lution that us es time t(n) = 3n § 2£n log n + C, where 0 · £n < 1. Both
automa ta so lve the res tricte d version of the origina l p roblem which require s that
the in itia to r be located at the left e ndpoint.

Moore a nd Langdon in troduced a genera liza tion of the orig inalp roblem in 1968
[ML68]. The y als o cons idered a one-d imens ional array of ¿ n ite a utomata bu t al-
lowe d the in itia to r to be loca ted anywhere in the arra y. In their pape r, Moore and
Langdon gave a 17-s tate min ima l-time s olu tion for the ge neralized proble m. Var-
shavs ky, Ma rakkovs ky and Pe s chans ky [VMP 70] improve d this res ult, p roducing
a 10-state min imal-time so lution.

Further work on the genera lize d prob lem was done in 1982 by S zwerins ki [S zw82].
S zwerinski cons idered s ymme tric s olutions. As ymme tric s olution is one in which
an au tomaton cannot d istinguis h betwe en its left and righ t ne ighbors. S zwe rins ki
gave a 10-sta te , symmetric, min imal-time so lution.

To the bes t of our knowledge, non-minima l time so lutions to the ge neralized
proble m ha ve not be en stud ied previously.

1.2 Lower ve rsus Upper Bounds

De spite its long his to ry, there are many importa nt open problems remain ing for
the ¿ ring s ynchron iza tion proble m. One of the most fundame ntal is determin ing
pre cis ely how many s ta tes an au tomaton so lving the problem requires .

Ba lze r ha s shown tha t no 4-s tate min imal-time automa ton for the re stricted
ve rs ion of the orig inal p roblem e xis ts . In ea ch varia nt of the proble m th is lea ves a
gap be tween the lower bound and the bes t known minimal-time s olu tions . F or the
unres tricte d origina lp roblem this gap is 4 sta te s. Any lower bound for the origina l
proble m als o applie s to the generalized prob le m s ince the original problem mus t
be so lved as a subcas e. Thus the ga p for the gene ra lize d prob lem is 6 s ta te s.

Work on non-minima l time s olutions ha s bee n e ven more limite d. The only
known lowe r bound for non-minimal au tomata is a 3-state bound on so lutions to
the origina l ¿ ring synchronization problem [S S98]. Th is lea ves a gap of 4 sta te s
between the bes t known s olution to the orig inal p roblem a nd the lower bound . As
stated be fore the re were no known non-min imal time s olu tions to the ge ne ralized
proble m prior to this work.

1Recall that the exact size of the optimal minimal-time automaton is not known.
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1.3 Our Contributions

In S e ction 3 we pres en t a 9-sta te min ima l-time symmetric s olu tion to the ge n-
era lize d ¿ ring s ynchron iza tion prob lem. Its tra ns ition function ma y be found in
Appe ndix A. The au tomaton contains with in it an 8-state symme tric so lution to
the original prob lem. The 9-s tate a utomaton ha s the fewes t s tates of a ny known
min imal-time so lution to the ge neralized prob le m.

We pres ent in S ection 4.1 a 6-state non-min imal time s olu tion to the orig inal
proble m which allows the initiator to be loca te d a t eithe r the left o r the right e nd-
poin t o f the a rra y. The tra ns ition function for the au tomaton ma y be in found in
Appe ndix A. This a utomaton has 2 fe we r states than Balzer's 8-s tate minimal-
time au tomaton [Ba l67]. We als o have a proof of correctnes s for the s olution which
shows that for a ny n 2 N¸2 the s olu tion s ynchron ize s a one-dimensional arra y of
n a utomata in 2n¡1 steps if the initiator is located a t the le ft e ndpoint of the a rra y
or 3n + 1 time s te ps if the in itia to r is loca ted at the right e ndpoint. The deta ils o f
the proof a re not given he re but ma y be found in the te chnical report [S S 97].

Finally in S e ction 4.2 we pres en t a 7-s ta te non-min ima l time so lution to the
generalized problem me ntione d a bove , where the initiator ca n be a nywhe re in the
array. The transition function for the a utomaton ma y als o be found in Appendix A.
This automa ton ha s the fewes t sta te s of any known s olu tion to th is proble m, and
requires 2 fe wer s ta te s than our minima l-time au tomaton . We a lso ha ve a proof
of correctne ss for the 7-s tate so lu tion which shows tha t the s olu tion s ynchronizes
a one-d imens ional array of n a utoma ta with initiator loca te d in position k of the
array in 2n ¡ 2 + k time s te ps for any n 2 N¸2. Aga in the de ta ils of the proof
are omitted bu t may be found in the technical report [S S 97].

Few re se arche rs in th is a re a have provided correctnes s proofs for their au tomata.
Indee d, a s fa r a s we know, prior to this work only Ba lze r [Bal67] and Mazoyer
[Ma z87] have published proofs of correctnes s.

Our work provide s add itiona levide nce tha t Ma zoye r's conjecture does no t ho ld
by giving non-minimal time s olu tions to bo th the original and genera lize d ve r-
sions of the ¿ ring s ynchronization prob le m which require fewer s ta tes than the
bes t known minimal-time so lutions. Inde ed optimal non-minimal time s olutions
may use even fewe r s tates than our cons tructions , as our au tomata are built on top
of minima l-time s olu tions to res tricte d ve rs ions of the proble m.

2 The Firing S ynchroniza tion P roble m

The ¿ ring synchronization prob lem, s ometimes a lso called the ¿ ring squad prob-
lem, is a cla ss ical p roblem of s ynchronization. Consider a one-d imens ional array
of n ¿ nite au tomata in which all au tomata are iden tical exce pt the ones on eithe r
end of the arra y. The ma chine s work synchronous ly, and the s tate of an a utoma ton
at time t only depends on its a nd its ne ighbors ' states at time t¡1. In round 0 of the
computation all automa ta a re in a special quie scen t s tate exce pt fo r one automa ton
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which is des ignated as the initiator for the s ynchronization. The problem is to de-
¿ ne the se t of s ta te s a nd tra ns ition ru les fo r the au tomata s o that all machine s e nter
a s pe cia l ¿ re s tate s imultaneously a nd for the ¿ rs t time at s ome time t(n).

The trans ition function for e ach au tomaton can be g ive n as a s et of 4-tuples .
The 4-tuple (X,Y,Z,W) re pre se nts the ru le that a n automa ton currently in state Y,
with le ft neighbor in state X a nd righ t neighbor in s ta te Z will e nter sta te W a t the
next time step . We will de note th is by XYZ!W. By de¿ n ition a utomata so lving
the ¿ ring synchronization proble m are de te rminis tic s o tha t there is at mos t one
tuple (X,Y,Z,W) for any triple of s tates X,Y,Z.

It is eas y to show that t(n) ¸ 2n ¡2 [Moo64]. This is the minima l amount of
time for the initiator to s e nd a me ss age to the far e nd a utomaton and get a mes s age
back.

Aminima l-time so lution is a s e t of s ta te s and transition rule s for which t(n) =
2n ¡ 2, whe re as a non-min ima l time so lution is one for which t(n) > 2n ¡ 2.
An N -state so lution of the proble m is one in which e ach a utoma ton has N s tates ,
including the quies cent a nd ¿ re s ta te s .

As ymmetric au tomaton is one which has a symmetric trans ition function , tha t
is, whenever a transition XYZ ! W is de ¿ ne d, the trans ition ZYX! W must
als o be de¿ ned . This me ans that the au tomata ca nnot dis tingu ish the ir le ft and righ t
neighbors .

A genera liza tion of the original prob lem introduce d by Moore and La ngdon
[ML68] allows the in itia to r to be located a nywhe re in the one -dime ns iona l a rra y
of ¿ nite au tomata. Let k de note the pos ition of the in itia tor in the a rray, where 1 ·
k · n, and le tm = min fk¡1; n¡kg. Moore and Langdon showed that 2n¡m¡2
is the min ima l ¿ ring time for the generalized proble m.

3 The Minimal-Time S olution

In this s ection we de scribe the 9-s ta te minima l-time s olu tion to the generalized
¿ ring synchronization problem. The 9-s ta te automa ton is a modi¿ ca tion of S zw-
erinski's 10-s tate so lu tion.

The stra tegy for Szwerinski's au tomaton, like a ll o ther known s olutions to the
generalized proble m [ML68, VMP 70], is to re duce the s ynchron iza tion of the gen-
era lize d problem to the original p rob lem. Once this has been comple te d, the s yn-
chron iza tion is ¿ n is he d by a so lution to the original p rob lem conta ined within the
transition function for the gene ra lize d so lution. For this re as on, S zwerinski's so -
lution works in two phas es , the ¿ rst of which a ccomplis he s the reduction to the
orig ina l p rob lem, a nd the s econd which comple tes the s ynchronization using the
underlying original s olu tion.

Szwe rinski's 10-state au tomaton con ta ins a n 8-s tate so lution to the origina l
proble m and us es two additional s ta te s for the ¿ rs t phas e of the synchronization .
The 9-s ta te a utoma ton als o contains the 8-s tate origina ls olu tion, but use s on ly one



6 S irocco '98

add itiona l sta te for the ¿ rs t phas e.
In the re mainder of the se ction , we de scribe at a high le vel how the 9-state

automa ton works . We the n g ive a detaile d expla nation of the underlying 8-s ta te
so lution to the origina l p roblem a nd ¿ nally e xp lain how the two phas es work in
the 9-s tate a utomaton.

3.1 A High-Leve l Description

In the 9-s tate min imal-time s olution , the line is repea te dly divided into ha lve s a s
new in itia tors are placed in the ce nter o f e ach of the inte rvals . The s imulation e nds
whe n all a utomata become initiators and ¿ re at the next time s tep.

The tra ns ition function for the 9-s tate automa ton is given in Appe ndix A. It can
be s een from the trans ition function tha t the re are se vera l s tates which propa gate
towa rd ne ighboring au tomata. We ca ll thes e s ta te s s igna ls, since the ir purpose is to
ca rry in forma tion from one pa rt o f the array to ano ther. Othe r states remain s ta tion-
ary un til the y come in to contact with certa in s igna ls. We ca ll thes e s ta te s ma rkers.
The y act a s p la ceho lders indicating s igni¿ ca nt pos itions in the array, s uch a s the
ce nter of the line.

In orde r to unde rs ta nd how the division of the a rray is pe rformed, cons ider
wha t happens whe n the in itia to r is located a t e ither e nd . A s imulation for this cas e
ca n be found in Appe ndix B. The time steps give n be low refer to the simula tion
in tha t se ction .

This ca se is simply the origina l proble m a nd is handled by the unde rlying 8-
state a utomaton. The in itia to r s ends out a s igna l which produces a s econd initiator
whe n it re aches the oppos ite end of the line. In the sa mple simulation this occurs
between time steps 0 and 16. When th is wake-up s ignal is reÀ ecte d ba ck by the
new in itia to r, it inters e cts with markers crea te d in the wake of the ¿ rs t s ignal a nd
produce s a third in itia to r (or pa ir o f initiators depending on the pa rity of the orig -
inal line) located at the cen ter o f the a rray. This occurs at time s tep 24 of the s am-
ple s imulation . Th is divis ion of the line continue s un til eve ry o ther a utomaton is
an initiator, which occurs at time s te p 30. At the ne xt time ste p in the simula tion
every a utomaton be comes an initiator, and at the following time s tep all au tomata
¿ re .

In the cas e where the in itia to r is located s ome where in the middle of the arra y,
the goa l is to reduce the problem to the origina lprob lem. To a ch ieve th is reduction,
a ne w initiator is p roduced at the cente r of the a rray a t time n ¡ m + bn2 c. The
simula tion then con tinues from that poin t as if the ¿ rst initia tor ha d bee n located
at one of the endpoints . An extra s tate is us ed to achie ve this ¿ rs t subd ivis ion , but
after the ce ntral initiator is crea te d, the re mainder of the s imula tion is hand led by
the s ubs et of sta te s corres ponding to the 8-sta te s olu tion and the extra s ta te doe s
not a ppear.
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3.2 The Underlying 8-S ta te S olution to the Origina l P roblem

In orde r to explain in some detail how the 9-s tate s olu tion works , we ¿ rst p res en t
the 8-s ta te s olution to the origina l proble m. Reca ll that the orig inal problem re-
quires that the ¿ rst initiator be located at one of the e ndpoin ts of the array of a u-
tomata. The 8-state s olu tion is derive d from the 9-s ta te so lution to the ge neralized
proble m by de leting all occurre nces of the s tate D. The time steps given be low
refe r to the simula tion found in Appendix B. The so lution works as follows .

The ¿ rst initiator in s ta te G s ends ou t an A-signal to the other e nd of the line . In
the simula tion the A-signa l is produced at time step 1. The A-signa lmoves at a ra te
of one au toma ton per time s tep . As the A-signal adva nces away from an au toma-
ton, it lea ves the au tomaton in one of two s ta te s, eithe r R or P. An R is produced a t
all even time ste ps a nd a P at a llodd time steps. Thus the parity of the line s e gment
the A-s ignal cros s es ca n be determined by the s ta te appea ring beh ind the A-s igna l
once it re aches the end of the line .

The R moves ba ck in the d irection from which the A-signal came a t the rate of
one automa ton pe r time step . The ¿ rst R-signal is produce d at time s tep 2 of the
sa mple s imulation . When the R-s ignal co llide s with the in itia to r at the othe r end
it produce s a B-ma rker. Th is occurs in the simulation at time s te p 3. The new B-
marker move s awa y from the initiato r one pos ition ea ch time it encounte rs a ne w
R-signal. F or example , the ¿ rs t B-marke r a dvance s at time step 6 of the simula tion.
This ¿ rst marke r will be the one that will ma rk the ce nter(s) where the next in itia -
to r(s) should be produced . In order to ma rk the 1

4, 1
8 , : : : , pos itions in the array,

whe re the ne xt initiator(s ) ne ed to be pla ce d, add itiona lB-markers need to be pro-
duced . This is done by allowing the R-s ignal to continue pas t a B-marke r e ve ry
other time a B-ma rker a dvance s. The R-s ignal ca n the n produce and/or advance
other B-marker(s ). The s ta te of the au tomaton behind the B-marker determines
whe ther the R-signal a dvance s. If the state of the au tomaton beh ind the B-marker
is a P, then the R-s ignal will regenera te beh ind the B-ma rker a fter adva ncing it. An
exa mple of th is ca n be s een a t time s teps 11, 12 and 13 of the simulation. On the
other hand, if the B-marke r is fo llowe d by a n au tomaton in state Z, the R-s igna l
will va nis h after moving the B-marke r forward. This cas e can be s ee n at time s te ps
14 a nd 15.

As the A-s ignal hits the e nd of the arra y, it is reÀ e cte d back. In the s ample s im-
ulation this occurs at time s teps 15, 16 a nd 17. Depend ing on the parity of the ar-
ray, one of two s tate con¿ gurations will be produced beh ind the A-s ignal a s it a d-
va nces . If the line is o f odd leng th , the A-s ignalwillbe fo llowe d at alte rna ting time
steps by an R or P, as with the ¿ rst A-s ignal. If the a rray has e ven le ng th , then the
A will be fo llowe d by a Z which is a lte rna te ly fo llowe d by an R or P. The s ample
simula tion has 17 au tomata s o that the former ca se ho lds .

By the time the A-s ignal is re À ected ba ck, it has s en t enough R-s igna ls to bring
the B-marke r to the midd le of the line . Th is is becaus e the A-signal p roduces an
R-signal eve ry o ther time s te p, creating half as ma ny R-s ignals a s the le ng th of the
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array. Beca us e the lead ing B-ma rker move s one position each time it encounte rs
one of thes e R-s igna ls, it will have moved to the ce nter of the arra y once a ll of
the R-s igna ls rea ch it. Th is happens before the reÀ ecte d A-s ignal can rea ch the B-
marker.

Whe n the A-s igna l re ache s the B-marker it p roduces the new initiator(s ). In
the s imulation th is occurs a t time s tep 24. A s ing le ne w in itiato r is produce d if the
line ha s odd leng th , s ince in that cas e there is a midd le poin t of the array. Th is is
true if the A-signal re aches the B-marke r with the automa ton beh ind it in s ta te P.
If the line leng th has even parity then two new in itia to rs nee d to be produced since
there are two cen tral pos itions in the a rray. This occurs whe n the A-signal rea ches
the B-ma rker with the au tomaton beh ind it in s ta te Z. Again , because there a re 17
automa ta in the simula tion, the former ca se ho lds .

The new initiator(s ) now be gins to recurs ively s ubdivide the a rra y. A-s igna ls
are s ent out towa rd each e nd of the array. The se will in te rs ect the remain ing B-
markers produced in the wa ke of the ¿ rs t A-signal a nd the reÀ e cted A-s igna l to
produce the initiators at the quarter pos itions . This proce ss continues until e very
other a utomaton is an initiator. At that po int all a utoma ta be come in itiato rs and
then ¿ re at the next time step .

3.3 The 9-s ta te Automaton

The 9-s tate so lution to the ge neralized prob lem works in a manner s imilar to the
8-s tate automa ton. The a dd itional state D is use d a s the state fo r the ¿ rs t in itia to r.
If th is initiator is at the e nd of the line , it s ends a n A-s igna l toward the other e nd
of the a rra y a nd e nters s ta te G. The res t of the a lgorithm is then the s ame a s the
8-s tate automa ton des cribe d a bove .

In the cas e where the ¿ rs t initiator is located s omewhe re in the midd le of the
array, the goa l is to reduce the s ynchron iza tion ta sk to the orig ina l p rob lem. The
¿ rs t initiator begins th is proces s by s end ing out A-s ignals in both directions . The
R-signals produced in the wake of the A-s ignals meet at the initiator and dis ap-
pea r. The A-signa ls will crea te ne w initiators as they re ach the end of the line and
are reÀ ecte d ba ck towa rd the middle . If the arra y is of odd le ngth a nd the initia-
to r is loca ted at the cente r point, the n the A-signals will mee t back at the orig inal
initiator, pu tting it in to s tate G . If the initiator is no t located at the cen ter poin t of
the arra y, then the A-s igna l se nt to the clos er e nd returns to the initiator ¿ rs t. If the
leng th of the s horte r se gment is eve n, a D-marke r is produce d whe n the A-signal
rea ches the initiator. If the s horte r se gment ha s odd pa rity, then the A-signa lcrea te s
a B-ma rker when it rea ches the initiator. Thes e ma rkers now adva nce in re sponse
to the R-s ignals s en t by the A-signal on the opposite s ide and move to the cen te r
of the array. There they a re me t by the reÀ ecte d A-signal a nd crea te initiator(s ) in
state G. Whether a single initiator or two in itia to rs are produced is de te rmine d by
the parity of bo th the s hort and long line s egments , which is encode d both by the
marker s ta te a nd the s tate of the au tomaton be hind the A-s ignal.
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Once the cen tral initiator(s ) are crea te d, the rema inde r of the s imulation is pe r-
forme d by the 8-s tate automa ton, a s des cribed in the pre vious s ubse ction . The s tate
D doe s not a ppear a fter this point.

4 The Non-minima l Time Automa ta

4.1 A 6-s ta te Automaton for the Origina l Problem

The 6-s tate au tomaton is ba se d on Ma zoye r's 6 -s ta te so lution to the res tricte d ver-
sion of the orig inal¿ ring s ynchron iza tion prob lem. Recall tha tMa zoye r's min imal-
time a utoma ton re qu ires the in itia to r to be located at the left endpoint of the a rray.
Mazoye r's s olu tion works by dividing the line of au tomata into unequa lparts , one
of le ngth 2

3n and the othe r of length 1
3n. An initiator is pla ce d a t the left endpoint o f

the s horter s egment, and each s egment is then recursively subdivided. Afte r eve ry
automa ton becomes an initiator, the au tomata ¿ re a nd the synchronization ends .
For a detaile d des cription of that s olution s ee Mazoyer's pa pe r [Maz87].

Unlike Mazoye r's so lution , the in itial con¿ gura tion for our 6-state non-minima l
time a utoma ton allows the initiator to be located at either the left or righ t e ndpoint
of the a rray. In either cas e the goal of the non-minimal time a utomaton is to pro-
duce the initial con¿ gura tion neces sa ry for Ma zoye r's so lution. The s ynchroniza-
tion of the array is the n comple ted by the min imal-time automa ton.

4.1.1 The De s cription of the S olu tion

The be ha vior of our 6-state au toma ton is as follows . The s ta te B is us ed as the
state for the ¿ rs t in itia to r. If the in itia to r is loca te d at the left e ndpoin t in the in i-
tia l con¿ gura tion, the a utomaton simply en ters the s tate G at the ne xt time ste p.
This puts the a rray in the con¿ guration ne ces sa ry for the min ima l-time automa ton,
which then synchronizes the line. The e ntire proce ss takes one a dd itional s tep be-
yond the time for the min imal-time synchronization , and the line is s ynchron ize d
in time 2n ¡ 1.

If the initiator is loca te d at the right endpoint when the s ynchronization be gins,
a signal is s en t toward the left e ndpoint. The purpos e of this s ignal is to produce
an in itia to r in s ta te G at the left end of the a rra y, lea ving the res t o f the automa ta in
the quie scen t s ta te L as the s ignal pas s es . Th is puts the arra y in the con¿ guration
neces s ary for the min imal-time s olu tion, which the n completes the s ynchroniza-
tion.

The s ignal which produce s the initiator at the left endpoint cons is ts of four
states , AACB. The B in itia to r enters s ta te Aa t time s tep 1, a nd the Athe n a dvance s
left, producing the re st of the signal be hind it during time steps 2 through 4. The
signal then moves at a rate of one a utomaton pe r time step toward the left. As the
signal move s, the automa ta be hind it a re once a ga in pu t in to the quies cen t s tate L.
Whe n the s igna l rea ches the le ft e nd of the a rra y, the s igna lcolla ps es , lea ving only
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the las t two state s in the s ignal. At the next time step the G initiator is produced
and the minimal-time s ynchron iza tion takes p lace.

One step is neces sa ry to produce the lea d s ta te A in the s ignal. Anothe r n time
steps are re qu ired for the A to reach the le ft endpoint. It the n ta ke s a n add itiona l
two time s te ps for the ¿ rs t two states of the s ignal to van ish and crea te the G ini-
tia to r. The minima l-time a utomaton the n ¿ nis hes the s ynchronization . Thus the
whole proce ss takes time 1 + n + 2 + (2n ¡ 2) = 3n + 1.

The tra ns ition function for the 6-state au tomaton may be found in Appendix A.
The proof of correctnes s fo r the a utomaton proceeds by induction on the time step
of the s ynchronization. The de ta ils are omitte d but ma y be found in the techn ica l
report [S S 97].

4.2 The 7-S ta te Solution to the Genera lized P roblem

The 7-s ta te a utomaton, like the 6-s tate so lution to the orig inal proble m, is ba se d on
Mazoye r's 6-state minimal-time so lution , which wa s brie À y des cribed in the pre-
vious se ction . It a llows the ¿ rst initiator to be located a nywhe re in the array and
works by s ending a s igna l from the ¿ rs t in itia to r back towa rd the le ft endpoin t.
Whe n the s ignal re ache s the end of the line, it tra ns forms into the initiator fo r Ma-
zoye r's 6-s tate so lution, a nd the min imal-time synchronization be gins.

In order to allow the ¿ rs t in itia to r to be located anywhere in the array, a new
state D is a dded to Ma zoye r's a utomaton . D is us ed both for the ¿ rst initiator sta te
and as the sta te for the s ignal tha t moves leftwa rd. This re su lts in the D migrating
acros s the line of a utomata un til it rea ches the end . Once the D s ignal rea ches the
left endpoint, it puts the leftmos t a utomaton in s tate G, the initiator s tate for Ma-
zoye r's au tomaton. The s ynchronization is the n completed by the 6-state minima l-
time s olution .

If the ¿ rst in itia to r is loca te d in position k of the array, it takes k ¡ 1 ste ps
for the D signal to reach the left endpoint. At the ne xt time s tep the D transforms
into a G and the minimal-time s ynchron iza tion begins. This mea ns tha t the e ntire
synchronization takes time 2n ¡ 2 + k time s te ps .

The trans ition function for the 7-state a utomaton ca n be found in Appendix A.
The proof of correctnes s fo r the a utomaton proceeds by induction on the time step
of the s ynchronization. The de ta ils are omitte d but ma y be found in the techn ica l
report [S S 97].

5 Conclusion

In this pape r we pre se nted improved bounds on the comple xityof one-dimensional
va ria nts of the ¿ ring synchron ization prob lem. We ga ve a 9-s ta te minima l-time
automa ton for a ge ne ralized ve rs ion of the prob lem, which has the fewes t s tates
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us ed by any minimal-time au tomaton so lving tha t va rian t. We gave a 6-state non-
min imal time automa ton for the orig ina l proble m which a llows the in itiato r to be
located at e ither endpoint. We als o pres en te d a 7-s ta te non-minimal time so lution
to the ge neralized prob lem, the only known non-min ima l time s o lu tion for the gen-
era lize d problem. We als o ha ve a proof that ea ch of the non-minimal time automa ta
correctly s olve the ¿ ring synchron iza tion prob lem.

This work na rrows the gaps betwe en the uppe r a nd lower bounds on the num-
ber of s tates requ ired for an au tomaton s olving the ¿ ring s ynchron iza tion problem.
The 6-s ta te non-minimal time au tomaton for the unre stricted origina lp rob lem pre -
se nted here us es 2 fe wer states than the bes t known min ima l-time au toma ton s olv-
ing the s ame problem and us es only 3 state s more than the lowe r bound on non-
min imal time so lutions to the problem.

Progres s is als o ma de in the gene ra lized ca se . The lowe r bound for min imal-
time s olu tions to the orig inal p rob lem applies to the ge neralized prob lem. We give
a 9-s ta te minimal-time s olu tion a nd a 7-state non-minima l time a utoma ton for the
generalized proble m. In this ca se , the min imal-time so lution us es 5 sta te s more
than the lower bound and the non-min imal time s olution us es only 4 s ta te s more
than the lowe r bound on non-min ima l time a utomata .
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A The Tra nsition Functions

Table 1 s hows the trans ition function for the 9-s ta te a utoma ton. The s tate of an a u-
tomaton at the ne xt time s te p ca n be found by looking a t the en try in the column
corres ponding to the automa ton's pres en t s ta te and the row corres ponding to the
states of its neighbors . S ince the automa ton is s ymmetric, the orie ntation of the
neighbors is irrele va nt. The ? is us ed to indicate the end of the a rra y. In order to
obtain the 8-s ta te automa ton tha t s olve s the orig inal p rob lem, the column corre-
sponding to D mus t be remove d and a lloccurre nces of D dele te d in the re maining
ta ble.

Tab le 2 and Ta ble 3 give the transition functions for the non-minimal time a u-
tomata. The s tate of an automa ton at the ne xt time s tep can be found by looking
at the ta ble corres ponding to the a utoma ton's p re se nt s tate. The s tate that the a u-
tomaton should ente r at the next time step is the one in the row a nd co lumn corre -
sponding to the s ta te s of its left a nd right ne ighbors res pe ctively. As in Table 1 , ?
is us ed to de no te the end of the array.

present sta te
neighbors'

s ta tes Z A B D R P Q G
ZZ̧ Z Z B R Q G
ZA̧ A Z G A D
ZB̧ Z G B P P
ZḐ A R D G P Z
ZŖ R P P D Q R Z G
ZP̧ Z R B D Q
ZQ̧ Z R B D Q R
ZĢ A R B A G
Z?̧ Z G G
AA̧ G G Q G G
AB̧ A G G G P
AḐ D
AŖ P G A
AP̧ R G G Q D
AQ̧ A Z G B A P
AĢ R G G B G
A?̧ G G G
BB̧ Z P P P G
BḐ Z G P
BŖ R P P P B R Z G
BP̧ Z R R Q

present sta te
neighbors '

sta tes Z A B D R P Q G
BQ̧ Z P B R P
BĢ A R B A A G
B?̧ G
DŖ R Q G Z Z
DP̧ G R Q
DQ̧ Z G B P
DĢ B B B
D ?̧ G
RŖ P D Z D G
R P̧ R Q D Q Z A
RQ̧ R P D R Z G
RĢ R B A A G
R?̧ G
P P̧ Q A
P Q̧ Z R Z
P Ģ B A A A
P ?̧ A
QQ̧ Q Q A
QĢ A R B A A G
GĢ G G G F
G ?̧ G F

Ta ble 1: The Tra ns ition Function for the 9-s tate Automaton
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A A B C G L ?
A A B C B A F
B G C C G C
C A A
G C C C
L A L G
? F G

B A B C G L ?
A B B L G
B A B C B G
C A L L L
G C B G C G
L G B L B

C A B C G L ?
A B B B B
B C G C G
C A B C B C
G B B B B
L A G C G C

D L ?
L L L
? G

L A B C D G L ?
A L L L C G C
B L L L L L L
C L L L G A G
D L L
G L L L A C A
L L L D L L L
? D L

G A B C G L ?
A G G B
B G G G B G
C G G A
G G G F B F
L G G G
? G G F A

Ta ble 2: The Tra ns ition Function for the 7-s tate Automaton

A A B C G L ?
A A B C A F
B G C C G C
C A A
G C C C
L A L G A G
? F G

B A B C G L ?
A B B L G
B A B C B G
C A L L L
G C B G C G
L G B L B A
? B C L G

C A B C G L ?
A B B B B
B B C G C G
C A B C B C
G B B B B
L A G C G C
? G

L A B C G L ?
A L L L C G C
B L L L L L L
C L L L G A G
G L L L A C A
L A L L L L L
? B L B L

G A B C G L ?
A G G B C
B G G G B G
C G G A A A
G G G F B F
L G G G L
? G G F A

Ta ble 3: The Tra ns ition Function for the 6-s tate Automaton
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B Sa mple S imula tion

The fo llowing is a s imulation of the underlying 8-s ta te so lution to the origina l
proble m containe d with in the 9-s tate a utomaton . The leng th of the array is 17 and
the ¿ rs t initiator is located in position 1. The synchronization beg ins a t time s tep
0 a nd ¿ ring occurs a t time step 32. The curre nt time ste p is given to the left of the
array.

0 : G Z Z Z Z Z Z Z Z Z Z Z Z Z Z Z Z
1 : G A Z Z Z Z Z Z Z Z Z Z Z Z Z Z Z
2 : G R A Z Z Z Z Z Z Z Z Z Z Z Z Z Z
3 : G B P A Z Z Z Z Z Z Z Z Z Z Z Z Z
4 : G B P R A Z Z Z Z Z Z Z Z Z Z Z Z
5 : G B R Q P A Z Z Z Z Z Z Z Z Z Z Z
6 : G B B Z P R A Z Z Z Z Z Z Z Z Z Z
7 : G B B Z R Q P A Z Z Z Z Z Z Z Z Z
8 : G B B R Q Z P R A Z Z Z Z Z Z Z Z
9 : G B P B Z Z R Q P A Z Z Z Z Z Z Z

10 : G B P B Z R Q Z P R A Z Z Z Z Z Z
11 : G B P B R Q Z Z R Q P A Z Z Z Z Z
12 : G B P Q B Z Z R Q Z P R A Z Z Z Z
13 : G B R Q B Z R Q Z Z R Q P A Z Z Z
14 : G B B Z B R Q Z Z R Q Z P R A Z Z
15 : G B B Z P B Z Z R Q Z Z R Q P A Z
16 : G B B Z P B Z R Q Z Z R Q Z P R G
17 : G B B Z P B R Q Z Z R Q Z Z R A G
18 : G B B Z P Q B Z Z R Q Z Z R A R G
19 : G B B Z R Q B Z R Q Z Z R A P B G
20 : G B B R Q Z B R Q Z Z R A R P B G
21 : G B P B Z Z P B Z Z R A P Q R B G
22 : G B P B Z Z P B Z R A R P Z B B G
23 : G B P B Z Z P B R A P Q R Z B B G
24 : G B P B Z Z P Q G R P Z Q R B B G
25 : G B P B Z Z R A G A R Z Z B P B G
26 : G B P B Z R A R G R A R Z B P B G
27 : G B P B R A P B G B P A R B P B G
28 : G B P Q G R P B G B P R G Q P B G
29 : G B R A G A R B G B R A G A R B G
30 : G B G R G R G B G B G R G R G B G
31 : G G G G G G G G G G G G G G G G G
32 : F F F F F F F F F F F F F F F F F


